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Theorem 1 Suppose B is a generalized Cholesky factor of A.
Then, for any unitary matrix U, C = BU is also a generalized
Cholesky factor of A. Conversely, if B and C are generalized
Cholesky factors, there exists a unitary matrix U, such that
C = BU.

Abstract — We consider complex random vectors
and study some important properties. We develop
a theory which is based on the concept of covariance and pseudo-covariance matrix in order to prove
a stronger version of the Maximum Entropy Theorem
for the complex multivariate case [1].

The concept of generalized Cholesky factors enables us to formulate a criterion for a matrix to be a pseudo-covariance matrix:

I. Introduction
It is well known, c.f., [1] or [2], that a complex random
vector x ∈ C n with a given non-singular covariance matrix
Cx = E{(x − µx ) (x − µx )H }, where µx = E{x} denotes the
mean / expectation vector1 , has a diﬀerential entropy h(x)
which is upper bounded by an expression that depends only
on the covariance matrix, i.e.,

Theorem 2 Let C ∈ C n×n be an Hermitian positive deﬁnite
matrix and B a generalized Cholesky factor of C. C and a matrix P ∈ C n×n are covariance matrix and pseudo-covariance
matrix of a complex random vector, respectively, if and only if
P is symmetric and the singular values(c.f., [3]) of B−1 PB−T
are smaller or equal to 1.

h(x) ≤ log det (πeCx )

III. Generalized Maximum Entropy Theorem
Using the theory of generalized Cholesky factors we can prove
the following main result:

with equality if and only if x is rotationally invariant and
Gaussian. A complex random vector is called rotationally invariant (c.f., [4]) or proper (c.f., [1]) or circularly
symmetric (c.f., [2]) if its pseudo-covariance matrix Px =
E{(x − µx ) (x − µx )T } vanishes.
Recently [4, 5, 6] it was found that there are (practical) situations where complex random vectors have a nonvanishing pseudo-covariance matrix, which can then be utilized to achieve (signiﬁcant) performance gains. Unfortunately the upper bound above is not tight in this case and
therefore the beneﬁt of this Maximum Entropy Theorem is
limited. We will generalize this theorem such that it takes
into account covariance and pseudo-covariance matrix, in order to achieve a tighter upper bound.

Theorem 3 Suppose the complex random vector x ∈ C n has
a non-singular covariance matrix Cx and a pseudo-covariance
matrix Px . Let Bx be a generalized Cholesky factor of Cx and
let λi denote the singular values of Bx −1 Px Bx −T , which must
be smaller than 1. Then the entropy of x satisﬁes


1
h(x) ≤ log det (πeCx ) +
log 1 − λ2i ,
2
λi

with equality if and only if x is Gaussian.
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Deﬁnition 1 A matrix B ∈ C n×n is called generalized
Cholesky factor of a positive deﬁnite Hermitian matrix A ∈
C n×n if it satisﬁes the equation
A = BBH .
Since det A = |det B|2 , a generalized Cholesky factor is always a non-singular matrix. Note that the conventional
Cholesky decomposition (c.f., [3]), A = LLH , where L is
lower-triangular, yields a generalized Cholesky factor L. Another possibility to construct a generalized Cholesky factor is
based on the eigenvalue decomposition of A. The next theorem tells us that if we know one generalized Cholesky factor,
we know them all:
1 Usually

the random vector is assumed to be zero-mean.
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