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Low-Complexity ICI/ISI Equalization in Doubly Dispersive
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LSQR Algorithm
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Abstract—We propose a low-complexity intercarrier interference/intersymbol interference (ICI/ISI) equalizer for multicarrier transmissions
over doubly dispersive channels. Decision-feedback (or interference cancelation) is used with respect to both time and frequency. The ICI stage
employs an extension of the iterative LSQR algorithm using groupwise
interference cancelation with reliability-based sorting of sets of subcarriers
and a band approximation of the frequency-domain channel matrix. The
LSQR algorithm is attractive because of its excellent numerical properties
and low complexity. Optimal pulse design is optionally considered for
shaping the ICI/ISI. Simulation results demonstrate the excellent performance of the proposed ICI/ISI equalizer.
Index Terms—Doubly dispersive channel, interference cancelation, intersymbol/intercarrier interference, LSQR algorithm, OFDM, pulse-shaping
multicarrier transmission.

termination of the iterations, and achieves low complexity by exploiting
matrix sparsity (in [25], the band structure of the time-domain channel
matrix). Since the complexity of the ICI equalizer in [25] scales with
the maximum channel delay, it is attractive for channels with moderate
delay spread.
In this correspondence, we focus on large delay spreads as, e.g., in
single-frequency DVB-T networks. Here, a band approximation in the
frequency domain is more efficient than in the time domain. Hence,
we propose a frequency-domain LSQR equalizer as well as a “sequential” extension that we term the S-LSQR algorithm [27], [28]. S-LSQR
employs a multi-recursion extension of selective PIC (SPIC) [29], in
which a subset of “reliable” subcarriers is detected and canceled at each
recursion. A similar strategy with a different reliability criterion and
not using LSQR was previously proposed in [20] and [21]. For situations where intersymbol interference (ISI) occurs in addition to ICI, we
combine the S-LSQR ICI equalizer with a temporal decision-feedback
equalizer (DFE) structure. (For DFEs in OFDM, see also [30] and [31].)
The remainder of this correspondence is organized as follows. In
Section II, we present the system model, discuss ICI and ISI, and review
a method for pulse design. In Section III, we describe the proposed
ICI/ISI equalization methods. Finally, simulation results are provided
in Section IV.

I. INTRODUCTION
Orthogonal frequency-division multiplexing (OFDM) has recently
been studied in scenarios with rapid channel variations, i.e., large
Doppler frequency shifts; examples include Flash-OFDM [1], mobile
reception of DVB-T [2], and base station cooperation in LTE [3].
The substantial intercarrier interference (ICI) resulting from large
Doppler shifts [4]–[6] can be reduced via pulse shaping [6]–[12].
To mitigate the remaining ICI, various frequency-domain equalization methods have been proposed, including zero-forcing (ZF) and
minimum mean-square error (MMSE) schemes [13]–[16], successive
interference cancelation (SIC) [16]–[18], parallel interference cancelation (PIC) [2], [14], [15], [19], and hybrid SIC/PIC methods using
groupwise interference cancelation (GIC) [20], [21]. In all schemes,
equalizer complexity can be reduced by exploiting the (approximate)
band structure of the frequency-domain channel matrix [5], [22].
The band approximation can be improved by pulse shaping [12] or
time-domain windowing [23], [24].
The ICI equalizer in [25] applies the LSQR algorithm [26] in the
time domain. LSQR is an iterative least-squares solver that has excellent numerical properties, can regularize the channel inversion by early
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II. SYSTEM MODEL, ICI/ISI, AND PULSE DESIGN
We consider the discrete-time baseband representation of a
subcarriers;
pulse-shaping multicarrier system [6], [9], [12] with
symbol period
 ; complex data symbols l;k with 2 ,
2 f0 . . . 0 1g taken from some symbol alphabet A, with
E j l;k j2 = a ; transmit pulse ( ) supported on f0 . . . g 0 1g;
and receive pulse ( ) supported on f0 . . .
0 1g. A conventional
OFDM system is obtained if ( ) and ( ) are rectangular pulses sup0 1g and f0 . . . 0 1g, respectively. We
ported on f 0 . . .
)
assume a doubly dispersive channel with impulse response (
(maximum delay ) and white noise ( ) of variance z2 . The vector
of demodulated symbols at symbol time , xl ( l;0 1 1 1 l;K 01 )T , is
related to the vectors of transmit symbols, al
( l ;0 1 1 1 l ;K 01 )T ,
as [9]
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K 2 K depend on h(n;m), g(n), and (n) [9]. Furthermore,
(z 0 1 1 1 z 01 ) with noise coefficients z of variance
z
N2 2 =001 j (n)j2 . For our discussion of ICI/ISI statistics and
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pulse design, we assume that the channel conforms to the wide-sense
stationary uncorrelated scattering (WSSUS) model [32], with a scattering function that is supported in the rectangular delay-Doppler
region f0 . . .
g 2 [0 max max ].
The (pure) ICI is described by the off-diagonal entries of the matrices Hl;0 , which were shown in [6], [33] to decay with growing distance from the main diagonal. Consider the mean power of an arbitrary entry on the th diagonal, ( ) E j(Hl;0 )0; j2 . The decay
of ( ) with growing j j motivates the approximation of Hl;0 by
a (quasi-)banded matrix Hl;0 given by (Hl;0 )k;k
(Hl;0 )k;k for
j 0 0 j  or j 0 0 j  0 and (Hl;0 )k;k 0 otherwise [12].
The ISI is described by all channel matrices Hl; for 6= 0; it consists
of postcursor ISI (
0) and precursor ISI (
0). The matrices
Hl; may only be nonzero for 0 pre   post , with pre =
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b(L 0 1)=N c and Lpost = b(Lg + M 0 1)=N c. A quasi-banded
matrix approximation can also be used for l; when  6= 0. For the
special case of OFDM, ISI is totally avoided if M  N 0 K .
An appropriate design of the pulses g (n) and (n) is helpful for
shaping the ICI/ISI in a way consistent with the equalizer used. Following [6] and [12], we will design g (n) and (n) such that they maximize the “relevant signal-to-interference-plus-noise ratio”

H

Jg; (0 ; 0 )

Pa P (0)
Pa I2 (0 ; 0 ) + N2 ;

with
j(

and

I2 (0 ; 0 )

(;)2I ( ; )

III. ICI/ISI EQUALIZATION
A. ISI Equalization
For rapid channel variations, it is no longer feasible to use classical
OFDM techniques to cope with large channel delays. Indeed, an increase of the cyclic prefix length or the number of subcarriers (for a
fixed transmit bandwidth) would result in even larger channel variations
within one OFDM symbol period and, hence, in increased ICI; furthermore, the design of time-domain (channel shortening) equalizers has
so far been limited to time-invariant channels. For this reason, we here
pursue an ISI mitigation strategy consisting of an appropriate pulse design and the use of a DFE. When the channel delays are large, mitigating the total ISI by a pulse design with 0 = Lpost as explained in
Section II has been observed to lead to very short pulses, which tend to
result in poor ICI equalization performance (see Section IV-B). Therefore, it may be preferable to minimize only the precursor ISI by the
pulse design (using 0 = 0) and to cancel the postcursor ISI by means
of a DFE [30], [31].
In the DFE, a replica of the postcursor ISI is generated from the
Lpost previously detected symbol vectors ^l0 ,  = 1; . . . ; Lpost and
subtracted from the received (demodulated) signal l :

a

yl xl 0
a

=1

x

Hl;a^l0 :

K

(2)

Here, ^l 2 A denotes the detected (quantized) symbol vector at
time l and l; is the quasi-banded approximation to l; , which is
used to reduce the complexity of computing (2). Inserting (1) in (2)
while assuming correct symbol detection (i.e., ^l = l ), we obtain
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B. ICI Equalization Based on the LSQR Algorithm

y Ha z

+ ~ forms the input to the ICI equalizer. The
The vector =
proposed ICI equalizers use the quasi-banded approximation and the
LSQR algorithm [26], [27], [34]. LSQR is an iterative procedure for
solving large, sparse, possibly ill-conditioned least-squares (LS) probk 0
k2 ,
lems. In our case, the LS problem is given by mina2
H
which is equivalent to the normal equations H
=
[35].
The LSQR algorithm has very low complexity in our context because
it is tailored to sparse matrices [26] such as our quasi-banded channel
matrix . Furthermore, it achieves a regularization of the notoriously
ill-conditioned channel matrix simply by an early termination of the
iterations [34]. Finally, memory requirements are low due to a recursive implementation discussed in [26].
In exact arithmetic, the LSQR algorithm is equivalent to a method
known as conjugate gradient on the normal equations (CGNE). However, in fixed-point arithmetic, it has a lower complexity and better
numerical stability than CGNE. In the ith LSQR iteration, an approximate solution to the normal equations is obtained by minimizing
k subject to the constraint that lies in the Krylov subspace1
k 0
K( H ; H ; i). A regularization is achieved through an early
termination of the iterations [34], because the initial iterations reduce
k in the directions of the dominant
the approximation error k 0
right singular vectors of , which are least affected by noise. The
optimum number of iterations corresponds to maximum ICI mitigation
and minimum noise enhancement and is usually unkown. Fortunately,
moderate deviations from the optimum number of iterations do not
degrade the performance significantly. The complexity order of the
LSQR algorithm is O(K (2B + 1)I ) operations, where I denotes
the number of iterations used. Thus, the complexity is linear in the
number of subcarriers K , the matrix bandwidth B , and the number of
iterations I .

H

Hl;)0; j2g

Efj(

where 0 2 f0; . . . ; Lpost g and 0 2 f1; . . . ; B + 1g. Here, the
“relevant interference region” I (0 ; 0 ) contains all index pairs (; )
with 0Lpre    0 and 0    K 0 1, except that for  = 0,  is
restricted as 0    K 0 0 . The maximization of Jg; (0 ; 0 ) is
carried out by means of a numerical optimization routine. The choice
of 0 and 0 depends on the type of equalization used. If the equalizer
employs a DFE for (postcursor) ISI cancelation, we set 0 = 0; here,
only the precursor ISI is penalized by Jg; (0 ; 0 ). If no DFE is used,
we set 0 = Lpost ; here, the total ISI is penalized [12]. Similarly, for
an ICI equalizer using a banded-matrix approximation with bandwidth
B , we set 0 = B + 1; here, only the ICI outside the matrix band
(corresponding to B + 1    K 0 B 0 1) is penalized. In contrast,
for 0 = 1, the total ICI is penalized.
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l = l;0 l +~l . Here, by definition, ~l contains the noise l , residual
precursor ISI due to imperfect pulse design, residual postcursor ISI due
to the quasi-banded approximation in (2), and ICI not accounted for
by l;0 . In what follows, we will consider a fixed symbol time l and
+ ~.
briefly write the above relation as =
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C. ICI Equalization Based on the S-LSQR Algorithm
Next, we propose a “sequential” version of the LSQR equalizer,
termed the S-LSQR equalizer, which incorporates a multi-recursion
extension of SPIC [29]. This interference cancelation algorithm differs from SPIC in that it uses several recursions to detect and cancel
the symbols. In each recursion, the symbols are divided into reliable
and unreliable symbols based on a dynamic threshold comparison. Except for the reliability criterion, this is similar to modified SIC [20],
[21], which cancels the contribution of a subset of symbols with the
highest signal-to-noise ratio (SNR) in each recursion. (We do not use
the SNR-based criterion in the S-LSQR equalizer because, due to the
iterative nature of LSQR, a closed-form expression of the post-equalization SNRs of the various subcarriers is not available.)
In the r th recursion (r  2), the input to the S-LSQR equalizer
is given by the “reduced vector” (r01) 2 K and the previously
detected symbol vectors ^ (1) ; . . . ; ^ (r01) of respective dimensions
J1 ; . . . ; Jr01 . In the absence of detection errors, (r01) corre(r01) (r) + ~.
sponds to the reduced system model (r01) =
is the vector of all transmit symHere, (r) 2 AK 0J 01110J
bols in except those corresponding to ^ (1) ; . . . ; ^ (r01) , and the
K 2 (K 0 J1 0 1 1 1 0 Jr01 ) matrix (r01) contains the corresponding
columns of .
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Fig. 1. BER of various ICI equalizers versus SNR: (a) comparison of LSQR, MMSE, and OPT, (b) comparison of S-LSQR and soft-decision OPT.

 of S-LSQR recursions for
Fig. 2. BER of S-LSQR versus mean number R
SNR = 12 dB.

First, the basic LSQR equalizer is applied to y(r01) , using H(r01)
~(r) 2 K 0J 01110J
as the system matrix. Let a
denote the resulting
^(r) 2 AK 0J 01110J
the quantized version
symbol vector estimate; a
~(r) ; and ^ (r) 2 AJ the subvector of a
^(r) that contains all quantized
of a
symbols satisfying the reliability criterion defined below. In the subsequent interference cancelation step, the reduced vector y(r) y(r01) 0
G(r) ^ (r) is calculated, where G(r) is formed by the Jr columns of H
corresponding to the symbols in ^ (r) . If the detected symbols ^ (r) are
correct, y(r) corresponds to the reduced system model

y(r) = H(r) a(r+1) + z~

(3)

where a(r+1) 2 AK 0J 01110J contains all transmit symbols except
those corresponding to ^ (1) ; . . . ; ^ (r) and H(r) contains the corresponding columns of H. Thus, (3) no longer contains the J1 + 1 1 1 + Jr
symbols corresponding to ^ (1) ; . . . ; ^ (r) .
This recursive procedure is initialized at r = 1 by applying the basic
~. Note that
LSQR equalizer to the ICI equalizer input y = Ha + z
error propagation is minimized by subtracting the contribution of the
most reliably detected symbols in each recursion. This improves on
previously proposed iterative ICI equalization schemes without reliability-based sorting [23].
We now describe our dynamic reliability criterion for a 22m -QAM
constellation2

A = fa = aR + jaI : aR ; aI 2 f61; 63; . . . ; 6(2m 0 1)gg
2A similar criterion for, e.g., PSK constellations can be formulated in a
straightforward manner.

Fig. 3. BER of various ICI/ISI equalizers versus SNR.

where m 2 f1; 2; . . .g. Inspired by [29] and [37], for each QAM
symbol coordinate  2 f61; 63; . . . ; 6(2m 0 1)g, we define a reliability interval Ir ( ) in the r th S-LSQR recursion as follows: Ir ( ) =
[ 0Tr(i) ;  +Tr(i) ] for  2 f61; 63; . . . ; 6(2m 03)g (inner symbols);
Ir () = [ 0 Tr(o) ; 1) for  = (2m 0 1) and Ir () = (01;  + Tr(o) ]
(i)
for  = 0(2m 0 1) (outer symbols), where 0 < Tr < 1 and
(o)
Tr  1. Then, for each symbol a = aR + jaI 2 A, we define a reliability region (RR) as Rr (a) Ir (aR ) 2 Ir (aI ). In each recursion
^ is classified as reliable
of the S-LSQR equalizer, a quantized symbol a
~ is located
if the corresponding equalized symbol before quantization a
in one of the RRs. The resulting reliability-based decision scheme is
intermediate between soft and hard, but much less computationally demanding than soft interference cancelation. Because the interference
(i)
(i)
tends to decrease after each recursion, we set Tr+1 = Tr +  and
(o)
(o)
Tr+1 = Tr +  with a predefined "; this results in a reduction of the
number of recursions required.
The complexity of the S-LSQR equalizer is upper bounded by
O(K (2B + 1)IR), where I is the number of LSQR iterations
performed in each S-LSQR recursion (here assumed equal in all
S-LSQR recursions for simplicity) and R is the number of S-LSQR
(i)
(o)
recursions. Clearly, R depends on the thresholds Tr and Tr , which
in turn determine the performance of the S-LSQR equalizer. Minimum
(i)
(o)
complexity (R = 1) is obtained for T1 = 1 and T1 = 1, in
which case the S-LSQR equalizer reduces to the LSQR equalizer
with complexity O(K (2B + 1)I ). At the other extreme, the best
performance is obtained by processing only a single symbol in each
recursion; here, we obtain R = K and thus the complexity becomes
O(K 2 (2B + 1)I ). In general, processing fewer symbols per recursion
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M=N

Fig. 4. Comparison of S-LSQR (with non-DFE pulses) and DFE S-LSQR (with DFE pulses): (a) BER versus SNR, (b) SNR loss of S-LSQR relative to DFE
, at BER = 10 .
S-LSQR versus

and, hence, using more recursions results in a higher complexity but
also in a better performance (see Section IV-A).
IV. SIMULATION RESULTS

K

= 128
We simulated a pulse-shaping multicarrier system with
= 144, using a rate-1/2 convolusubcarriers and symbol period
tional code, a 16 2 16 row-column interleaver, and a 4-QAM symbol
alphabet. A WSSUS channel with brick-shaped scattering function
was generated according to [38] using maximum channel delay
= 50 (except in Fig. 4(b)) and maximum normalized Doppler
frequency max = 1003 (this corresponds to a maximum Doppler
frequency of 12.8% of the subcarrier frequency spacing and an rms
Doppler spread of 7.4% of the subcarrier frequency spacing). The
channel matrix bandwidth used for pulse design and for equalization
= 10. The pulses were optimized numerically,
was chosen as
2 = 0 regardless of the true SNR. The DFE length
formally using N
resulted as post = 1 for all . The (S-)LSQR algorithm performed
= 16 LSQR iterations unless
stated otherwise. The threshold
(o)
parameter was initially set to 1 = 00 4 (i.e., initially the symbols
were not contained in the respective RRs) and increased by a fixed
(= 0 2 except in Fig. 2) at the end of each S-LSQR recursion; this
resulted in at most = 8 recursions.
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A. Performance Comparison of (S-)LSQR, MMSE, and OPT
We first compare the proposed LSQR-based ICI equalizer—without
recursive ICI cancelation—with (i) an MMSE equalizer [16] and (ii) an
equalizer using the operator perturbation technique (OPT) [15] combined with first-order Auer acceleration [15], [39], both using a quasibanded channel matrix. The pulses were designed using 0 = post =
1 and 0 = +1 = 11. Fig. 1(a) shows the coded bit-error rate (BER)
of the three ICI equalizers versus the SNR. The number of LSQR iterations was chosen small ( = 10) for low SNR (0–10 dB) to obtain a
stronger implicit regularization, and larger for medium and high SNR
( = 16 for 12–18 dB; = 30 for 20 dB) to improve the accuracy of
the approximate matrix inversion. It is seen that LSQR performs significantly better than OPT (which has convergence problems due to the
insufficient diagonal dominance of the channel matrix [40]), similar to
MMSE for small SNR, and slightly better than MMSE for SNR higher
than about 6 dB. In Fig. 1(b), we compare S-LSQR and OPT. For a
fair comparison of these two cancelation schemes, we employ soft-decisions within the OPT (PIC) scheme [15], which become harder with
progressing iterations. This is similar in spirit to the dynamic choice
of the threshold made by S-LSQR (see Section III-C). It is seen that
S-LSQR outperforms soft-decision OPT for medium and high SNR.
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Fig. 2 shows the BER obtained with S-LSQR versus the mean
number of S-LSQR recursions (denoted  ), for SNR = 12 dB and
(o)
1 = 00 4. We chose different values of and, for each , performed 5000 simulation runs and calculated  and the BER. It is seen
that, as  increases, the BER drops quickly initially but then levels off
after about  = 4. Hence, the performance gain of S-LSQR (relative
to LSQR) is achieved already with a small number of recursions.
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B. Performance Comparison of DFE S-LSQR, DFE LSQR,
and S-LSQR
Next, we include ISI mitigation. Fig. 3 shows the BER of DFEs with
LSQR-based and S-LSQR-based ICI equalization (abbreviated DFE
LSQR and DFE S-LSQR). To analyze error propagation in the DFE,
we also consider genie-aided feedback of the true symbols (abbreviated DFE LSQR-T and DFE S-LSQR-T). It is seen that DFE S-LSQR
significantly outperforms DFE LSQR, especially at medium to high
SNR. Thus, the generalized SPIC used by DFE S-LSQR is effective in
combating the various impairments (ICI, residual ISI, band approximation error). Furthermore, error propagation is seen to be negligible. This
can be explained by the following two facts. First, we use a vector DFE
(the vector being defined by the subcarriers), and a few incorrectly detected subcarrier symbols have a rather limited effect on the postcursor
ISI cancelation. Second, even if error propagation occurs on a few subcarriers, the subsequent code (which operates across the subcarriers) is
typically able to correct the erroneous bits.
Finally, Fig. 4(a) compares two approaches to mitigating ISI: i) pure
ICI equalization using S-LSQR, with pulses minimizing both precursor
and postcursor ISI (“non-DFE pulses”), and ii) combined ICI/ISI equalization using DFE S-LSQR, with pulses minimizing only the precursor
ISI (“DFE pulses”). It is seen that DFE S-LSQR outperforms S-LSQR.
Additional simulations suggest that this is caused by a higher condition
number of obtained for the non-DFE pulses. In Fig. 4(b), we display
the SNR loss of S-LSQR relative to DFE S-LSQR at BER = 1003 as
a function of ; the non-DFE and DFE pulses were designed individually for each . One can observe that DFE S-LSQR is advantageous
over S-LSQR especially for highly time-dispersive channels (large ).

H

M
M

M

V. CONCLUSION
We proposed a low-complexity ICI/ISI equalizer for pulse-shaping
multicarrier transmissions (including OFDM) that is especially suited
for strongly time-frequency dispersive channels. At the heart of this
equalizer is the use of the iterative LSQR algorithm for ICI mitigation in the frequency domain, combined with a band approximation of
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the channel matrix. The LSQR algorithm is attractive because of its
inherent regularization and low complexity. We augmented the LSQR
algorithm by groupwise ICI cancelation with reliability-based sorting
of subcarrier sets and a temporal decision-feedback structure for canceling the postcursor ISI. The precursor ISI can be minimized by a
suitable (optimum) design of the transmit and receive pulses. Our simulation results demonstrated the excellent performance of the proposed
ICI/ISI equalizer already for a small number of ICI cancelation recursions.
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