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ABSTRACT
For OFDM transmission over rapidly varying channels, intercarrier
interference (ICI) constitutes a major source of performance degradation. We propose a low-complexity ICI equalization technique
that uses the iterative LSQR algorithm for regularized inversion of
a triple-band approximation to the frequency-domain channel matrix. The LSQR algorithm achieves regularization of the (typically
ill-conditioned) channel inversion via early termination of the iteration process, and thus yields good results at low complexity. We also
consider pulse shaping as a means of reducing the bandwidth of the
matrix approximation. Simulation results demonstrate the excellent
performance of the proposed ICI equalizer even for strongly dispersive and rapidly varying channels, as well as the potential of pulse
shaping for reducing the “ICI bandwidth.”
1. INTRODUCTION
Orthogonal frequency division multiplexing (OFDM) is an attractive multicarrier (MC) modulation scheme for broadband wireless
communications [1]. Recently, there has been increasing interest in
scenarios where the channel changes noticeably within an OFDM
symbol due to user mobility and/or carrier frequency offsets. An
example is mobile reception of DVB-T (e.g. [2]), which was originally conceived for fixed receivers. In highly mobile scenarios, large
Doppler shifts cause strong intercarrier interference (ICI), which constitutes a major source of performance degradation.
Several techniques for combating ICI have been proposed. Pulseshaping OFDM or biorthogonal frequency division multiplexing
(BFDM) [3] generalize classical cyclic-prefix OFDM by allowing
the use of nonrectangular transmit and receive pulses. Smooth pulses
can cause a substantial reduction of ICI [3, 4]. Other approaches
concern only the receiver processing to remain compliant with existing OFDM standards. They are motivated by the observation that,
for strong ICI, conventional single-tap equalization in the frequency
(subcarrier) domain suffers from an error floor because the performance becomes ICI-limited above a certain SNR threshold (see [4–
8] for an analysis of ICI effects on receiver performance).
For ICI reduction, therefore, frequency-domain equalizers processing all subcarriers [9] or a few neighboring subcarriers [8] simultaneously have been proposed. The latter approach saves computations and amounts to approximating the frequency-domain channel
matrix by a banded matrix. The banded matrix approach has been
combined with an LDL factorization in [10]. Further methods involve an “ICI-shaping” concentrating the ICI power within a small
matrix band [11], or use a linear approximation of the channel variations [2, 12].
This work was supported by WWTF project MA 44 (MOHAWI).

In contrast to these frequency-domain methods, a recently proposed linear equalization and ICI mitigation technique [13] operates
in the time domain. By processing the received signal before FFT
demodulation, it is able to exploit the strict band structure of the
time-domain channel matrix. The technique uses the iterative LSQR
algorithm [14], which has excellent performance at low complexity
due to its ability to regularize the (typically ill-conditioned) channel inversion problem by early termination of the iterations. More
specifically, the complexity order per iteration is O(KM ) operations, where K is the number of subcarriers and M is the maximum delay of the channel. Thus, the method is particularly attractive
when the channel’s maximum delay is not too large.
In this paper, we address the case of (potentially) large channel delays, for which the time-domain LSQR equalizer has a higher
complexity. For large channel delays, it is more efficient to use a
banded matrix model in the frequency domain than in the time domain. Therefore, we propose an equalizer that combines the advantages of the LSQR algorithm with the efficiency of a frequencydomain band approximation. The complexity of this equalizer is
lower when the ICI is effectively constrained to a small band. Therefore, we also consider pulse-shaping MC modulation (with smooth
pulses) as a means to reduce the “ICI bandwidth.”
The main contributions and the organization of this paper are as
follows. The system model is presented in Section 2. An analysis of
intersymbol interference (ISI) and ICI for pulse-shaping MC transmission is performed in Section 3. This analysis shows the potential
of smooth pulses to reduce the effective ICI bandwidth and, thus,
the complexity of frequency-domain ICI equalizers using a band approximation. In Section 4, the frequency-domain LSQR equalizer is
presented and the main steps of the LSQR algorithm are described.
Finally, simulation results provided in Section 5 compare the performance of the proposed equalizer with that of its time-domain counterpart and demonstrate the benefit of pulse shaping.
2. SYSTEM MODEL
We consider a pulse-shaping MC system [3] with K subcarriers and
symbol period N . As mentioned above, pulse shaping allows the
use of smooth transmit and receive pulses, which can reduce ICI. We
emphasize that conventional cyclic-prefix OFDM is a simple special
case of our setting, corresponding to rectangular pulses.
2.1. Equivalent system channel
The MC modulator produces the (equivalent baseband) transmit signal
∞ K−1
X
X
s(n) =
al,k gl,k (n) ,
(1)
l=−∞ k=0

where al,k with l ∈ Z, k ∈ {0, . . . , K −1} denotes the data symbols,

k

gl,k (n) , g(n − lN )ej2π K (n−lN)
is a time-frequency shifted version of a transmit pulse g(n), and
n ∈ Z. Assuming a time-varying and time-dispersive (frequencyselective) channel, the received signal is
r(n) = (Hs)(n) + z(n) =

M
X

h(n, m)s(n−m) + z(n) ,

(2)
where h(n, m) denotes the time-varying impulse response of the
channel H, M is the maximum channel delay, and z(n) is noise.
Finally, the MC demodulator computes the inner products
m=0

xl,k = hr, γl,k i =

∞
X

∗
r(n)γl,k
(n) ,

(3)

n=−∞
k

where γl,k (n) , γ(n−lN )ej2π K (n−lN) is a time-frequency shifted
version of a receive pulse γ(n). For rectangular pulses
(
1, −(N −K) ≤ n ≤ K −1
g(n) =
(4)
0, otherwise
(
1, 0 ≤ n ≤ K −1
γ(n) =
(5)
0, otherwise ,
the pulse-shaping MC system reduces to conventional OFDM with
cyclic prefix length N −K ≥ 0.
Combining (1), (2), and (3), we obtain the following relation
between the transmit symbols al,k and receive symbols xl,k [3]:
K−1
∞
X
X

xl,k =

Hl,k;l′,k′ al′,k′ + zl,k ,

(6)

Hl,k;l′,k′ = hH gl′,k′ , γl,k i
=

M
∞
X
X

3. ISI/ICI ANALYSIS
In this section, we analyze the mean ISI/ICI power for a random
channel and demonstrate the potential of smooth transmit and receive pulses for ICI reduction.
3.1. Delay-Doppler formulation of the system channel
We first develop a different representation of the system channel coefficients Hl,k;l′,k′ . The effect of the channel H in (2) can be expressed in terms of the delay (m) and Doppler (ξ) variables as
M Z 1/2
X
SH (m, ξ)s(n−m)ej2πξn dξ ,
(10)
(Hs)(n) =
m=0

−1/2

with the spreading function [15]

l′ =−∞ k′ =0

with

with the vectors x(l) , [xl,0 · · · xl,K−1 ]T, a(l) , [al,0 · · · al,K−1 ]T,
and z(l) , [zl,0 · · · zl,K−1 ]T. The ICI is described by the off-diagonal entries of the channel matrices H(l), which can be expected to
become small if they are sufficiently distant from the main diagonal.
This suggests to approximate H(l) by a banded matrix [8, 10].
Later, we shall consider smooth pulses g(n) and γ(n) that do
not satisfy the above support condition exactly but are fast decaying outside a suitable time interval. For such pulses, there will be
some ISI, which is not described by the frequency-domain model
(9). Therefore, (9) will be merely an approximation. The ISI will
lead to a performance degradation if equalization is based on (9),
that is, if only the ICI is equalized, without an attempt to equalize
also the ISI. On the other hand, the smoothness of the pulses can
be expected to lead to a smaller “effective ICI bandwidth” of H(l),
which may result in a reduction of equalizer complexity. We will
next investigate this issue in a stochastic setting.

(7)

SH (m, ξ) ,

2π

and

′

h(n, m)e−j2πξn .

n=−∞

h(n + lN, m) g(n−m + (l−l′ )N ) γ ∗ (n)

Using the cross-ambiguity function [16]

n=−∞ m=0

· ej K [k

∞
X

(n−m +(l−l′ )N) − kn]

(8)

Aγ,g (m, ξ) ,

∞
X

γ(n)g ∗ (n−m)e−j2πξn ,

n=−∞

zl,k = hz, γl,k i .

The coefficients Hl,k;l′,k′ describe the “system channel” that subsumes the MC modulator, the doubly spread physical channel, and
the MC demodulator. In general, this system channel introduces both
ISI (characterized by Hl,k;l′,k′ for l 6= l′ ) and ICI (characterized by
Hl,k;l′,k′ for k 6= k′ ).

the system channel coefficients in (7) can then be expressed as
M Z 1/2
X
SH (m, ξ)A∗γl,k , gl′,k′ (m, ξ)dξ
Hl,k;l′,k′ =
m=0

−1/2
N

= e−j2π K k

′

(l′−l)

M Z
X

m=0

2.2. Frequency-domain channel matrix
Consider a transmit pulse g(n) and receive pulse γ(n) such that the
support of g(n) extended by the maximum channel delay M does
not overlap with the support of γ(n) shifted by nonzero multiples of
the symbol period N . This condition is satisfied, in particular, in the
case of cyclic-prefix OFDM (see (4), (5)) provided that M ≤ N−K.
For such pulses, it follows from (8) that the ISI is zero, i.e.,
Hl,k;l′,k′ = 0

for l 6= l′ .

As a consequence, the system channel can be completely described
by the sequence of frequency-domain channel matrices H(l) of size
K × K defined as (H(l) )k,k′ , Hl,k;l,k′ with k, k′ = 0, . . . , K −1.
The system channel input-output relation (6) can then be compactly
written as
x(l) = H(l) a(l) + z(l) ,
l ∈ Z,
(9)

1/2

k′

e−j2π(m K −ξlN)
−1/2

„
«
k′−k
· SH (m, ξ)A∗γ,g m + (l′−l)N, ξ +
dξ , (11)
K
where we have used (10) and the relation Aγl,k , gl′,k′ (m, ξ) =
`
´
′
k′
N ′ ′
−k
.
ej2π[ K k (l −l) + m K − ξlN] Aγ,g m + (l′− l)N, ξ + k K

3.2. Mean ISI/ICI power

We now adopt a simple stochastic structure for the channel H. We assume that the impulse response samples h(n, m) are zero-mean, rotationally invariant (or proper or circularly symmetric), jointly complex Gaussian variables. We furthermore assume that the secondorder statistics of the channel conform to the wide-sense stationary
uncorrelated scattering (WSSUS) property [15]
˘
¯
E SH (m, ξ)SH∗ (m′, ξ ′ ) = CH (m, ξ)δ (1)(ξ−ξ ′ )δ[m−m′ ] , (12)

m=0

−ξmax /2

˛
„
«˛2
˛
k′−k ˛˛
· ˛˛Aγ,g m + (l′−l)N, ξ +
dξ . (13)
K ˛

We also consider the mean ICI power defined as the mean power of
the entries on the q th off-diagonal of the frequency-domain channel
matrix H(l),
˘
¯
˘
¯
P (q) , E |(H(l) )k,k+q |2 = E |Hl,k;l,k+q |2
M Z ξmax /2
˛
“
X
q ”˛˛2
˛
CH (m, ξ) ˛Aγ,g m, ξ +
=
˛ dξ . (14)
K
m=0 −ξmax /2

This does not depend on l or k. We note the periodicity property
P (q + K) = P (q), from which one can conclude that if P (q) decreases for growing |q| on the interval 0 ≤ |q| ≤ K/2, it will increase for K/2 ≤ |q| ≤ K −1.
For classical cyclic-prefix OFDM, that is, for the rectangular
pulses in (4) and (5), one obtains
8 sin2 (π(m+K)ξ)
>
, −K +1 ≤ m ≤ −1
>
> sin2 (πξ)
>
>
2
>
< sin (πKξ) ,
0 ≤ m ≤ N−K
sin2 (πξ)
|Aγ,g (m, ξ)|2 =
(15)
>
2
>
> sin (π(N−m)ξ)
,
N−K
+1
≤
m
≤
N−1
>
2
sin (πξ)
>
>
:
0,
otherwise .
¯
˘
Inserting (15) into (13), it is easily seen that E |Hl,k;l′,k′ |2 = 0
′
for l 6= l provided that M ≤ N − K, which again indicates the
total absence of ISI. Inserting (15) into (14) while still assuming
M ≤ N −K yields for the ICI power
M Z ξmax /2
X
sin2 (πKξ)
` `
´´ dξ ,
CH (m, ξ)
P (q) =
(16)
q
sin2 π ξ + K
m=0 −ξmax /2
`
`
´´
q
where sin2 πK ξ + K
= sin2 (πKξ) has been used. It is easy
to see that there are channels where P (q) has a comparatively poor
decay. For example, for a single-scatterer channel with scattering
function CH (m, ξ) = c δ[m−m0 ]δ (1)(ξ−ξ0 ), (16) yields
´
`
´
`
sin2 πKξ0
sin2 πKξ0
` `
´´ ≥ c ˆ `
P (q) = c
´˜2 .
q
q
sin2 π ξ0 + K
π ξ0 + K
This shows that the ICI decay with respect to q, within 0 ≤ |q| ≤
K/2, is not quite of second order.
Much better ICI decay can be obtained with pulse-shaping MC
systems using suitable smooth pulses. Indeed, it is shown in [4]
that there exist perfect-reconstruction pulses (i.e., pulses such that
xl,k = al,k for a distortionless and noiseless channel) yielding a
polynomially or even (sub-)exponentially decaying cross-ambiguity
function Aγ,g (m, ξ) and, hence, an ISI/ICI decay of the same characteristic. As an example, Fig. 1 compares P (q) (normalized by
P (0)) for the rectangular pulses (4), (5) and for smooth pulses whose
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where CH (m, ξ) is the channel’s scattering function [15], δ (1)(·)
is the Dirac impulse periodized with period 1, and δ[·] is the unit
sample. Finally, we assume a maximum delay M and a maximum
Doppler shift ±ξmax /2, i.e., the support of CH (m, ξ) (within the
fundamental ξ-interval [−1/2, 1/2)) is contained in the rectangle
{0, . . . , M } × [−ξmax /2, ξmax /2].
¯
˘
The mean ISI/ICI power is defined as E |Hl,k;l′,k′ |2 for l 6= l′
′
or k 6= k (or both). Using (11) and (12), we obtain
M Z ξmax /2
X
¯
˘
CH (m, ξ)
E |Hl,k;l′,k′ |2 =
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Fig. 1. Normalized mean ICI power P (q) versus the off-diagonal
index q for the rectangular pulses (4), (5) and for smooth pulses.
construction is described in Section 5.2 along with the system and
channel parameters in force. It is seen that the off-diagonal decay
of the frequency-domain channel matrix within 0 ≤ |q| ≤ K/2 is
much faster for the smooth pulses than for the rectangular pulses.
4. FREQUENCY-DOMAIN LSQR EQUALIZER
We now describe the proposed technique for ICI mitigation through
equalization of a banded approximation to the frequency-domain
channel matrix H(l). Hereafter, we consider H(l) for a fixed symbol time l and hence suppress the superscript (l).
4.1. The proposed equalizer
Because H may have a very high condition number—particularly
for channels with large maximum delay and Doppler—, zero-forcing
(ZF) equalization performs poorly and some kind of regularization
(cf. [17]) has to be employed1. Here, we will consider the use of the
LSQR algorithm [13, 14], which is an iterative algorithm for equalization with “implicit regularization.”
Direct application of LSQR-based equalization to the K×K
frequency-domain channel matrix H would be quite complex. However, we know from the previous section that H exhibits off-diagonal
decay within 0 ≤ |q| ≤ K/2 and off-diagonal growth within K/2 ≤
|q| ≤ K −1. We can thus approximate H by a triple-banded matrix
HB with a band of (one-sided) width B about the main diagonal and
two bands of width B in the lower-left and upper-right corners:
(
(H)k,k′ , |k′−k| ≤ B or K−B ≤ |k′−k| ≤ K−1
(HB )k,k′ ,
0,
otherwise
(note that q = k′− k). Application of the LSQR algorithm to the
sparse matrix HB yields a significant reduction of complexity.
The LSQR algorithm is an iterative algorithm for solving leastsquares problems that is specifically tailored to sparse matrices [14].
In exact arithmetic, it is equivalent to the conjugate gradient method
for the normal equations (CGNE). However, it has advantages regarding complexity and numerical stability in fixed-point arithmetic.
In our context, the normal equations are given by
H
HH
B HB a = HB x ,

where a and x are the data symbol vector and demodulated symbol
vector, respectively and (·)H denotes Hermitian transposition. These
normal equations are obtained from (9) by disregarding the noise z,
replacing H with HB , and left-multiplying by HH
B.
1 Minimum mean-square error (MMSE) equalization, too, can be viewed
as a regularization of ZF equalization (one that presupposes knowledge of the
noise variance).
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M = 31
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M = 15
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ρ

At the ith LSQR iteration, an approximate solution to the normal equations is obtained by minimizing kHB a − xk with respect
to`a subject to the´constraint that a lies in the Krylov subspace2
H
K HH
B HB , HB x, i . Although these Krylov subspaces are generH
ated by HB HB , the performance of the LSQR algorithm is governed
by the condition number of HB and not by that of HH
B HB (which is
the square of the condition number of HB ). This is important since
already the condition number of HB is high for channels with large
delay and Doppler (the same, by the way, is true for the nonbanded
channel matrix H and its time-domain counterpart).
The high condition number of HB is also the reason why a regularization is necessary. With the LSQR algorithm, the regularization
is achieved by early termination of the iteration process [17]. This is
because the initial iterations reduce the approximation error HB a−x
in the directions of the dominant right singular vectors of HB , which
are less affected by noise than the directions corresponding to small
singular values. There is an optimum number of LSQR iterations
such that the error norm kHB a − xk is minimized, that is, most
of the ICI is equalized with low noise enhancement. Fewer iterations result in larger residual ICI whereas more iterations produce
stronger noise enhancement. Fortunately, the minimum usually is
not very pronounced, so that moderate deviations from the optimum
number of iterations do not degrade the performance significantly.
The complexity order of the LSQR algorithm is O(K(2B+1)I)
operations, where I denotes the number of iterations used. Thus, the
complexity is just linear in the number of subcarriers K, the matrix
bandwidth B, and the number of iterations I. In summary, the LSQR
algorithm is attractive because of its numerical stability, its inherent
regularization, and its low computational complexity.
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for cyclic-prefix OFDM, at alFig. 2. Complexity ratio ρ = 2B+1
most equal coded BER of FD-LSQR and TD-LSQR equalization.

problem is then given by
ai = [v1 · · · vi ] wi ,
where wi is the solution of (17).
The second part of the LSQR algorithm is the solution of the
bidiagonal least squares problem (17) through QR factorization [18]
of Bi . The computational cost of this step is negligible because Bi
is bidiagonal. Furthermore, [14] presents a recursion to compute wi
via a simple update of wi−1 .
5. SIMULATION RESULTS
We will now provide simulation results to compare the performance
of the proposed equalizer with that of its time-domain counterpart
and to demonstrate the benefit of pulse shaping.

4.2. Statement of the LSQR algorithm
The two main parts of the LSQR algorithm are a Golub-Kahan bidiagonalization and a cheap QR decomposition solving a bidiagonal
least squares problem. The Golub-Kahan bidiagonalization [18] is
an iterative procedure that constructs vectors ui , vi and positive constants αi , βi as follows.
1. Initialization:
α1 = kHH
B xk,

β1 = kxk,

u1 =

x
,
β1

v1 =

HH
Bx
.
α1

2. Recursion: for i = 1, 2, . . . ,
αi+1 = kHH
B ui − βi vi k
βi+1 = kHB vi − αi ui k
1
ui+1 =
(HB vi − αi ui )
βi+1
1
(HH
vi+1 =
B ui − βi vi ) .
αi+1
Theoretically, this recursion is terminated when αi+1 = 0 or βi+1 =
0. The vectors ui , i = 1, 2, . . . are orthonormal, and so are the vectors vi , i = 1, 2, . . . They allow one to reduce the minimization
problem mina kHB a − xk over the ith Krylov subspace to the bidiagonal least-squares problem
min kBi w − β1 e1 k ,

(17)

w

where e1 = [1 0 · · · 0]T and Bi is the (i +1) × i lower bidiagonal
matrix with α1 , . . . , αi on the main diagonal and β2 , . . . , βi+1 on
the first subdiagonal. The ith approximate solution of the original
2 The Krylov subspace K(A, b, i) is defined as the space spanned by the
i +1 vectors b, Ab, . . . , Ai b [18, Section 9.1.1].

5.1. Complexity comparison of frequency-domain and
time-domain LSQR equalization
We first compare the complexity of the proposed frequency-domain
(FD) LSQR equalizer with that of the time-domain (TD) LSQR
equalizer of [13]. We simulated a cyclic-prefix OFDM system (i.e.,
using rectangular pulses (4), (5)) with K = 256 subcarriers and
cyclic prefix length N −K = 32, whence N = 288. Furthermore,
we used a 4-QAM symbol alphabet with Gray labeling, a rate-1/2
convolutional code (generator polynomial (138 , 158 )), and 32 × 16
row-column interleaving. A noisy WSSUS channel characterized by
uniform delay and Doppler profiles (brick-shaped scattering function) with maximum delay M = 7 . . . 31 and maximum Doppler
ξmax = 1 · 10−4 . . . 4 · 10−3 was simulated according to [19]. The
given range of ξmax corresponds to a maximum normalized Doppler
frequency (physical Doppler frequency divided by subcarrier spacing) between 1.28% and 51.2%. We used I = 15 iterations for both
the FD-LSQR and TD-LSQR equalizers.
The complexity of the TD-LSQR equalizer is O(K(M + 1)I)
operations, whereas that of the proposed FD-LSQR equalizer is effectively O(K(2B +1)I) operations. Let us define the “complexity
M +1
ratio” ρ , 2B+1
. Roughly speaking, the FD-LSQR equalizer is less
complex than the TD-LSQR equalizer for ρ > 1, and the other way
around for ρ < 1. It is important to note that the matrix bandwidth B
is a design parameter of the FD-LSQR equalizer that determines both
its complexity and its equalization performance (better performance
is typically obtained for a larger B, at the cost of a higher complexity). In particular, for B < K/2, the performance of TD-LSQR can
be expected to be better than that of FD-LSQR because FD-LSQR
uses a banded approximation to the channel matrix H whereas TDLSQR always uses the full (time-domain) channel matrix. In Fig.
2, we show the complexity ratio ρ for B chosen as the minimum

yield a faster off-diagonal ICI decay and, hence, allow a reduction
of the bandwidth used in the banded-matrix approximation. The
frequency-domain LSQR equalizer is especially advantageous for
rapidly varying channels with large delays.
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[16] K. Gröchenig, Foundations of Time-Frequency Analysis.
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