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Double Preconditioning for Gabor Frames
Peter Balazs*, Member, IEEE, Hans G. Feichtinger, Mario Hampejs and Günther Kracher

Abstract— We present an application of the general idea of
preconditioning in the context of Gabor frames. While most
(iterative) algorithms aim at a more or less costly exact numerical
calculation of the inverse Gabor frame matrix, we propose here
the use of “cheap methods” to find an approximation for it,
based on (double) preconditioning. We thereby obtain good approximations of the true dual Gabor atom at low computational
costs. Since the Gabor frame matrix commutes with certain timefrequency shifts it is natural to make use of diagonal and circulant
preconditioners sharing this property. Part of the efficiency of
the proposed scheme results from the fact that all the matrices
involved share a well-known block matrix structure. At least,
for the smooth Gabor atoms typically used, the combination of
these two preconditioners leads consistently to good results. These
claims are supported by numerical experiments in the second part
of the paper. For numerical evaluations we introduce two new
matrix norms, which can be calculated efficiently by exploiting
the structure of the frame matrix.
Index Terms— Block matrices; efficient algorithm; Gabor
frame matrices; approximated dual windows; time-frequency
analysis; matrix norms; discrete transforms; matrix inversion;
EDICS : DSP-WAVL Wavelets theory and applications; DSPFAST Fast algorithms for digital signal processing

I. I NTRODUCTION :
HE Short-time Fourier transform (STFT), also called
Gabor-Transform in its sampled variant, is a well known,
valuable tool for displaying the energy distribution of a
signal f over the time-frequency plane. The equivalence between Gabor analysis and certain filter banks is a well-known
fact [1]. For a number of applications for example in audio
processing like time stretching without changing the frequency
content [2], more complex modifications like psychoacoustical
masking [3] or others ([4], [5], [6]), the time domain signal
needs to be reconstructed using the time-frequency domain
coefficients. The dual, atomic composition problem, building a
given signal as a series using a time-frequency shifted window
as building blocks (see e.g. [7]), is also needed in applications.
The main question is, how to find a Gabor analysis-synthesis
system with perfect (or depending on the application a satisfactorily accurate) reconstruction in a numerical efficient way.
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Basic Gabor frame theory (cf. introduction of [8]) tells us,
that when using the so called canonical dual Gabor atom
g̃ = S−1 g, perfect reconstruction is always achieved, if the
frame-operator S (see Section II-B) is invertible. The dual
atom is thus obtained by solving the equation Sg̃ = g, and to
this end, the Neumann algorithm (see Figure 1) with relaxation
parameter λ can be applied. If the inequality kId − λSkOp < 1
holds, this algorithm converges, S is invertible and the algorithm approximates the dual Gabor atom g̃.
Instead of finding the canonical dual, other dual windows
can be searched for, and sometimes they can be found in
a numerically more efficient way (see [9]). But in general,
the computation of a dual window can be very complicated
and numerically inefficient. The Zak transform [10], [11] is
heavily used for theoretic purposes, but its use for numerical
calculations is limited [12]. The celebrated paper from Wexler
and Raz [13] gives an important bi-orthogonality relation,
which reduces the problem to a simple linear system. In order
to find a very efficient algorithm, Qiu and Feichtinger use the
sparse structure of the frame operator [14], which leads them
to an algorithm for the inversion of the frame matrix with
O (abn) operations, where n is the signal length and a, b are
the time and frequency shift parameters.
In this work another well known tool to speed up the
convergence rate, namely, preconditioning, is used to further
improve the numerical efficiency of this calculation. In our
proposed method, we use a special invertible preconditioning
matrix P, which makes kId − PSk small. Then, instead of
Sg̃ = g, the equation PSg̃ = Pg is solved. The matrix M = P · S
is therefore intended to be an approximation of the identity. If
M is a reasonable good approximation, e.g., kId − Mk < 0.1,
then only a few iterations are needed in order to find the true
dual atom (up to precision limitations). Moreover, if M is
a very good approximation, e.g., kId − Mk ≪ 0.1, then the
preconditioning matrix P can already be considered as a good
approximation of the inverse matrix of S.
The aim of this article is to investigate the idea of double
preconditioning of the frame operator S. This method was
already suggested as an idea in the very last paragraphs of [12]
and [15]. In this paper the double preconditioning method will
be fully developed, examined and backed up with systematic
experimental numerical data. This scheme relies, again, on
the very special structure of the Gabor frame operator S, it
is an a block-circulant matrix with b diagonal blocks. It is
well known, that there are two extreme cases for this nice
structure. (1) If the frequency sampling is dense enough and
g has support inside an interval I, with the length ≤ nb , then S
is a diagonal matrix. (2) If the time sampling is dense enough
and ĝ has compact support on an interval with length ≤ an ,
then Ŝ is diagonal and therefore S is circulant. In both cases it
is easy to find the inverse matrix [12]. If the window g is not
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supported on I, then S becomes non-diagonal. However, if S
is strictly diagonal dominated it is well known for D = (di, j ),
with di, j = δi, j Si, j i.e. the best approximation of S by diagonal
matrices, S−1 can be approximated well using the preconditioning matrix P = D−1 (see the Jacobi method e.g., in [16]
or [17]). An analogue property holds if Ŝ is strictly diagonal
dominated, obtaining a circulant matrix as preconditioning
matrix. If using these two preconditioning matrices at the same
time, hence the name double preconditioning, we will get a
new method.
The main observation is the fact that the use of double
preconditioning often leads to better results than the use of
single preconditioning. Moreover, in the cases where this is not
true, the difference is in general not significant. This behavior
is observed in numerical experiments. More precisely, we will
first study single cases and then proceed with systematic experiments, where the efficiency of the double preconditioning
method is investigated for different windows.
In this work we will also introduce two new norms,
motivated by the need for a numerically efficient measure
for evaluating the speed of convergence. For the Neumann
algorithms the speed of convergence can be estimated by
kxk − g̃k ≤ C · kId − λSkkOp kx0 − g̃k .

we have a (Euclidean) norm kxk which is induced by the scalar
n−1

product hx, yi = ∑ xi yi . Every linear operator A : Cn → Cm
i=0

can be identified with a matrix vector multiplication
!
n−1

∑ ai, j x j

A(x) = A · x =

j=0

,

i=0..m−1

where A = (ai, j )m,n is an m × n matrix, symbolically A ∈ Mm,n .
We will sometimes use the canonical basis elements δk =
(0, . . . , 0, 1, 0, . . . , 0), where only one, the k-th entry is non-zero
and equal to one. The notation AT will signify the transpose
of the matrix A.
1) Matrix Norms And Spaces: Approximating the inverse
of a given matrix, we will need some measure of how ‘good’
the approximation is. To this end, we use some matrix norms,
each of them having different advantages. We will introduce
two new norms in Section III-A , but the following are wellknown:
Definition 1: Let A = (ai, j )m,n be an m by n matrix, then
kAkOp =

sup
x∈Cn :kxk=1

{kA · xk}

is the operator norm. Also,
(1)

It is well known, that the operator norm is not only a measure
of the convergence speed but also for the condition of the
problem. The condition number κ(S) = kSkOp · S−1 Op is
a widely used tool for describing the numerical stability
of a linear problem [18]. Because the calculation of the
operator norm is computationally costly ([18]) we introduce
two alternative norms. Both dominate the operator norm and
have the extra benefit that they can be easily obtained from
the (compressed) block-representations of the matrix S. There
are algorithms which need good approximations of the upper
frame bound respectively the operator norm of S, so the results
for these norms are interesting independently of the double
preconditioning idea in conjecture with such algorithms e.g.
found in [19].
The paper is organized as follows. In Section II we will
review basic facts about frames, discrete Gabor analysis, matrix algebras and algorithms. In Section III we will investigate
the connection between two different representations of S as
block matrices and introduce two norms. In Section IV we will
review and extend the use of diagonal and circulant matrices
as preconditioners for the Gabor frame operator. In Section
V we will explain how to combine these preconditioners to
invert the frame matrix S, and finally, in Section VI, we will
demonstrate the efficiency of this idea.
This paper is planned as a first of a series on this and related
topics and therefore, in some cases, material has been included
with this perspective in mind.
II. P RELIMINARIES A ND N OTATIONS
A. Matrices
We regard vectors (e.g., discrete signals) x =
(x0 , x1 , . . . , xn−1 ) ∈ Cn as periodic functions on Z (with
period n), so xi+k·n = xi for all i, k ∈ Z. On this vector space

v
un−1 m−1
u
kAk f ro = t ∑ ∑ ai, j

2

i=0 j=0

is the Frobenius or Hilbert-Schmidt norm.
A generalization of the Hilbert-Schmidt norm is the socalled mixed-norm, which is defined by

! q  q1
m−1

kAk p,q =  ∑

j=0

p

n−1

∑

ai, j

p

i=0



The definition above extends in a natural way to infinity as
follows:
q ! 1q
n−1 

kAk∞,q = ∑
max
ai, j
j=0

i=0,...,n−1

The use of the operator norm is the natural way to measure the quality of an approximation as it satisfies kA · xk ≤
kAkOp kxk, for all x ∈ Cn . Another important application of
this norm is the condition-number for invertible matrices,
κ (A) = A−1 Op · kAkOp , which measures the stability of a
linear equation system. The problem with the operator norm
is that its computation is very costly. It can be shown that the
operator norm of a self-adjoint operator is equal to its largest
eigenvalue, and the calculation of the eigenvalues of an operator is numerically very expensive, even if using elaborated
methods [18]. Therefore, we will consider other norms, which
are numerically easier to determine, see Definition 13.
The Frobenius norm can
p be defined by the Hilbert-Schmidt
inner product, kAk f ro = hA, AiHS , where for A, B ∈ Mm,n
m−1 n−1

hA, BiHS =

∑ ∑ ai, j bi, j

i=0 j=0

Together with this norm, the space of all m × n matrices Mm,n
forms a Hilbert space. This provides us with a number of
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Hilbert space tools like orthonormal bases and the uniqueness
of the best approximation on subspaces. The space Mm,n is
isomorphic to Cm·n (for example by writing the columns
one below each other) and the Hilbert-Schmidt inner product
coincides with the ordinary scalar product on Cm·n .
2) Matrix Fourier Transformation: The notion of Fourier
transformation can be easily extended to matrices (see [12] or
[3]) as follows:
Definition 2: Let A ∈ Mm,n .The Matrix Fourier Transformation (MFT) of A, in symbols Â, is defined by
Â = Fm ◦ A ◦ Fn∗

2πikl

where Fn is the FFT-matrix, (Fn )k,l = √1n · e− n .
3) Preconditioning: An alternative way to solve a linear
system of equations Ax = b consists in solving the system
PAx = Pb for a properly chosen matrix P. To this end, the
matrix P should be chosen according to the following criteria:
1) P should be constructed within few operations,
2) P should be able to be stored in an efficient way,
3) κ (PA) ≪ κ (A) and
4) there is an algorithm for solving PAx = Pb with better
convergence properties.
The first two criteria are intended to keep the number of
operations and memory requirements below those of the
non-preconditioned system. The third criterion is intended
to improve the numeric stability of the system. A sufficient
condition for the third criterion is a clustered spectrum as
κ(A) = σσ1n where σn and σ1 are the largest and smallest
singular values, respectively. A clustered spectrum also yields
a faster convergence (see [20], [21]).
B. Frames
Let us give short summary of frame theory on Hilbert
spaces. For a more detailed presentation see [22], [23] or [24].
Definition 3: The sequence G = (gk |k ∈ K) ⊆ H is called
a frame for the Hilbert space H , with inner product h., .i, if
constants A, B > 0 exist, such that
A · k f k2 ≤

∑ |h f , gk i|2 ≤ B · k f k2

k∈K

∀ f ∈H

(2)

The constants A and B are called lower frame bound and
upper frame bound, respectively. The best possible constants
are called the frame bounds.
Definition 4: Let G = (gk |k ∈ K) be a frame. The operator
SG : H → H defined by
SG ( f ) =

∑ h f , gk i · gk ∀ f ∈ H

k∈K

is called the frame operator.
For every frame, the frame operator is self-adjoint, positive
and invertible. We will simply denote the frame operator by
S, when there is no risk of ambiguity.
Proposition 5: Let G = (gk )be a frame
for H with frame

−1
bounds A, B. Then G̃ = (g̃k ) := SG
gk is a frame with frame

bounds B−1 , A−1 > 0, the so-called canonical dual frame.
Moreover, every f ∈ H has expansions
E
D
−1
−1
gk gk and f = ∑ h f , gk i SG
gk
f = ∑ f , SG
k∈K

k∈K

where both sums converge unconditionally in H , meaning that
the convergence does not depend on the order of the elements
{gk }. The inverse of the frame operator SG associated to a
given frame (gk ) equals the frame operator associated to the
−1
dual frame, i.e., SG
= SG̃ .
In the discrete, finite-dimensional case, H = Cn , a sequence
is a frame if and only if it spans H . In this case the optimal
frame bounds equal the maximal and minimal eigenvalues of
the frame operator, which are equal to S−11
and kSkOp .
k kOp
There is a number of algorithms for inverting the frame
operator. A well known algorithm is the Neumann algorithm
described in Figure 1 for obtaining S−1 f .
Initialization:
x0 = f , h0 = f , A = I − S
Iteration :
• Set hk+1 = Ahk ;
• Set xk+1 = xk + hk+1 ;
• Check exit condition kxk+1 − xk k < ε.
Fig. 1.

The Neumann algorithm

2
If in the Neumann algorithm a relaxation parameter λ = A+B
is used in front of S, it becomes the so-called frame algorithm.
The relaxation parameter is needed for the convergence of the
frame algorithm. Its calculation requires the computation of
the frame bounds, which, as mentioned above, are numerically
costly to compute. In order to deal with this drawback, for
example the conjugate gradient algorithm was proposed (see
[16] or [24]). The algorithm proposed in this article avoids
this drawback, as well.

C. Gabor Analysis
We start with a summary of the main results on Gabor
analysis. For a more detailed presentation see [8] or [23].
Recall that for any non-zero window function g and a signal
f the STFT can be defined as Vg ( f ) (t, ω) = h f , Mω Tt gi using
the translation operator Tτ f (z) = f (z − τ) and the modulation
operator Mω f (t) = f (t) e2πiωt . In L2 (Rd ), the space of squareintegrable functions from Rd to C, we have
Z
Vg ( f ) (t, ω) = f (x)g(x − t)e−2πiωx dx
Rd

Definition 6: For a non-zero function g (the window) and
parameters α, β > 0, the set of time-frequency shifts of g

G (g, α, β) = {Mβn Tαk g : k, n ∈ Zd }

is called a Gabor system. Moreover, if G (g, α, β) is a frame,
it is called a Gabor frame. We will denote its frame operator
by Sg .
Gabor frames are the appropriate tools for time-frequency
analysis, as the analysis
operator of a Gabor frame i.e.

f 7→ f , Tαk Mβn g k,n , is just the STFT of f with window
g, sampled at the time frequency points (αk, βn). The dual
frame of a Gabor frame is a Gabor system again, which is
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generated by the dual window g̃ = Sg−1 g and by the same
parameters
α and β. We call the set of time frequency points

(αk, βn) k, n ∈ Zd the lattice of G (g, α, β).
1) Discrete Gabor Expansion: For a good introduction to
Gabor analysis in the discrete finite-dimensional case see [12].
From now on, we will consider the Hilbert space Cn , and
restrict the lattice parameter, now called a and b, to factors
of n such that the numbers ã = na and b̃ = nb are integers.
In this case, the modulation and time shift operators are
discretized,
x1 , . . . , xn−l−1 ) and
 i.e., Tl x = (xn−l , xn−l+1 , . . . , x0 , 
2πi
(n−1)k
with Wn = e n .
Mk x = x0 ·Wn0 , x1 ·Wn1·k , . . . , xn−1 ·Wn
Recall that we are regarding all vectors as periodic, so the
translation is a cyclic
 operator. We will consider the Gabor system G (g, a, b) = Mbl Tak g : k = 0, . . . , ã − 1; l = 0, . . . , b̃ − 1 .
Notice that this is equivalent to sampling with sampling period
k
and τ = l · T .
T and setting ω = nT
In the discrete, finite-dimensional case, the Gabor frame
operator has a very special structure, the matrix S is zero
except in every b̃-th side-diagonals and these side-diagonals
are periodic with period a. This property can be directly seen
by using the Walnut representation [25] of the Gabor frame
matrix S = (S p,q )n,n :
Theorem 7:
S p,q =





ã−1

b̃ ∑ g p−ak · gq−ak

for p − q ≡ 0 mod b̃

0

otherwise

k=0

This means S can be represented as a special block matrix,
both as a block circulant matrix and as matrix with diagonal
blocks [3]. Matrices with this structure are called Gabor-type
[26] or Walnut matrices. There is a smaller matrix describing
S uniquely by using only the first a entries of the non-zero
side-diagonals [26]:
Definition 8: Let G (g, a, b) be a Gabor frame, and S be its
associated frame operator. Let B = (Bi, j )b,a be the b × a matrix
given by
Bi, j = Si·b̃+ j, j
We call B a ‘non-zero’ block matrix [26] or the autocorrelation matrix [23] of the Gabor system G (g, a, b).
The auto-correlation matrix B enjoys the following useful
properties: S is diagonal if and only if B is zero except in the
first row, and S is circulant if and only if the rows of B are
constant. Combining Definition 8 and Theorem 7 the non-zero
block matrix can be expressed as
ã−1

Bi, j = b̃ ∑ gib̃+ j−ak · g j−ak .

(3)

k=0

Thus the reconstruction can be done using the non-zero block
matrix:
b−1

(Sx) j =

∑ x j+pb̃ · B p,( j

mod a)

(4)

p=0

It is possible to realize the multiplication of two Gabor matrices by using only ‘non-zero’ block matrices [26]. This leads
to a very efficient algorithm with O (a b log(b)) operations
[27].

In addition to the auto-correlation matrix defined above,
there is another “small” (b × a) matrix, which fully describes
the frame matrix S [19]:
Definition 9: The Janssen -matrix of S is the a × b matrix
J = (Jk,l )a,b , given by

n
· Vg (γ) l b̃, kã .
Jk,l =
a·b
 As the the set of time-frequency shift matrices,
Mi · T j |i, j = 0, . . . , n − 1
form an orthogonal system
in Mn,n with the Hilbert-Schmidt inner product, it can be
shown [15], that the frame matrix S can be represented by
the following expansion:
Definition 10: We call
a−1 b−1

Sg,γ =

∑ ∑ Jk,l Mkã Tlb̃

(5)

k=0 l=0

the Janssen-representation of S.
2) Higher Dimensional Approach: In this paper, we will
mostly use one-dimensional spaces. In Section VI-E the
method proposed in this paper is applied to images and
therefore to higher dimensional data. For Rm we will only
use separable windows g, which means that there exist onedimensional functions gi , i = i, . . . , m, such that
g = g1 ⊗ g2 ⊗ . . . ⊗ gm ,
which is the short notation for
g(x1 , x2 , . . . , xm ) = g1 (x1 ) · g2 (x2 ) · . . . · gm (xm ).
In this case, following [14], the frame matrix of g is the
Kronecker product (cf. [12]) of the frame matrices of gi , i.e.
Sg = Sg1 ⊗ Sg2 ⊗ . . . ⊗ Sgm . Thus everything can be reduced to
a Gabor expansion in a one-dimensional space.

III. P ROPERTIES OF THE JANSSEN AND NON - ZERO BLOCK
MATRIX

In this section the non-zero block matrix and the Janssen
matrix are investigated in more detail. We start with a result,
that shows, that these matrices are connected:
Corollary 11: For a given matrix the following properties
are equivalent
1) having a Walnut representation, as in Theorem 7,
2) commuting with all Mka and Tlb and
3) being represented by a Janssen matrix, as in Definition
5.
The proof is straightforward [3].
Even more, the Janssen matrix and the non-zero block
matrix are connected by the following algorithm:
Theorem 12: Let Bg,γ,a,b be the b × a associated non-zero
block matrix of g, γ, a, b, and Jg,γ,a,b be the corresponding
Janssen-matrix. Then Fa · BTg,γ,a,b = a · Jg,γ,a,b .
For a proof see appendix A Theorem 21.
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A. Norms

A. Diagonal Matrices

For many algorithms for the inversion of the frame matrix,
it is important to have a good estimate for the upper frame
bound B or equivalently for kSkOp , which can be calculated
efficiently. An example for such an algorithms is presented
e.g. in [19]. We have seen two types of “small” matrices (with
b·a elements) which characterize Gabor matrices. We can now
define a norm for each type, which gives us an estimation of
kSkOp . We will use these norms for the numerical experiments
in Section VI to get a numerical efficient way of measuring
the quality of an approximate inverse .
Definition 13: Let S be a Gabor-type matrix, B be its nonzero block matrix and J be its Janssen matrix. Then, we define

As a preconditioning matrix the inverse of the diagonal part
of the frame operator is used. For every square matrix A we
can find a diagonal matrix just by cutting out the diagonal part
of A:
Definition 14: Let A = (ai, j )n,n be a square n × n matrix,
then let D(A) = (di, j )n,n with

ai,i
i= j
di, j =
0 otherwise

kSkWal = BT

∞,1

and kSkJan = kJk1,1 ,

the so called Walnut respectively Janssen norm of S.
As the matrices B and J are smaller than the Gabor matrix
S, the computation of the norms above is relatively simple.
More precisely, both can be calculated from the block matrix
(see Theorem 12).
It can be shown (see appendix A) that the norms above are
bounds for the operator norm, and that in the Gabor frame
case they can be ordered as follows:
kSkOp ≤ kSkWal ≤ kSkJan ≤ kSk f ro

(6)

This means that the Walnut norm is the best approximation
of the operator norm, and therefore it can be used as an
efficient way to find a (close) upper bound for it.
On the other hand, the Janssen matrix and norm give us
some insight on the behavior in the time-frequency plane. For
example in the case of approximation it tells us where in the
time-frequency plane the coefficients of the difference between
S and the identity are big, see Section VI-D for an example.
In the numerical part of the paper, i.e. Section VI, all the
algorithms use the block structure of the frame matrix. In that
section, the Walnut and Janssen norms are very convenient as
they can be calculated directly from the block matrix.
Regarding the Frobenius norm or equivalently the Frobenius
inner product, Mm,n forms a Hilbert space. Although it is not
a very close approximation for the operator norm, as can be
seen in VI-B, the Hilbert space property is very useful from
an analytic point of view.
In summary, each one of the norms introduced above has
its usefulness. As we will work with finite-dimensional spaces,
all norms have to be equivalent, see Appendix A.

IV. S INGLE P RECONDITIONING O F T HE G ABOR F RAME
O PERATOR

the diagonal part of A.
The set of all diagonal n × n matrices is spanned by the matrices Ek with Ek = D(δk ). They clearly form an orthonormal
basis (ONB) (with the Frobenius inner product) and therefore
D : A 7→ D(A) is an orthogonal projection. This means that
the best approximation of A in k.kHS by diagonal matrices is
exactly D(A).
The diagonal part of a Gabor-type matrix is clearly blockcirculant, and therefore also of Gabor-type. This allows us to
use the efficient block-matrix algorithms from [26].
If the window g is compactly supported on an interval
with length smaller than b̃ then Sg,g is a diagonal matrix,
see [12]. In this case the inverse matrix is very easy to
calculate, by just taking the reciprocal value of the diagonal
entries, which are always non-zero for a Gabor frame matrix
[14]. Even in the case where the window g is not compactly
supported, but S is strictly diagonal dominant, then S−1 is
well approximated by D−1 . It is known [17] that, if the matrix
n−1

|aik |
< 1,
∑
i=0,...,n−1 k=0,k6=i |aii |
D−1 (D − A) xm−1 + D−1 b,
x0 to A−1 b. The efficiency

A is strictly diagonal dominant, i.e.

then the Jacobi algorithm, xm =
converges for every starting vector
of the Jacobi algorithm follows from the fact that it is easy to
find the diagonal part of a matrix and to invert it. As can be
seen from the above formula the Jacobi algorithm is equivalent
to preconditioning with D(S)−1 .
P = D(S)−1
Fig. 2.

The diagonal preconditioning matrix

The use of block-matrices leads to very efficient algorithms.
Motivated by this fact, we would like to find criteria for
the convergence of the Jacobi algorithm for non-zero block
matrices, which means that by just using the diagonal preconditioning matrix and an iterative scheme we will get the
inverse matrix respectively the canonical dual window.
Corollary 15: Let S be a Gabor-type matrix and B be
the associated non-zero block matrix. Then the following
conditions are sufficient for the Jacobi-algorithm to converge
)
(
1)

We propose two preconditioning methods. In the first
method we consider the best approximation of S with diagonal matrices, and approximate S−1 by inverting its diagonal
approximation. The second method is based on the same idea
but considering circulant matrices.

max

2)

b−1 Bk, i−k·b̃ mod a
(
)
∑
B0,i
i=0,...,a−1 k=1

b−1
|B |

<1

max

max

∑

i,k



<1

k=0,...,a−1 i=1 B0,(k+i·b̃)mod a


a−1 b−1 Bk, i+k·b̃ mod a 2
(
)
3) ∑ ∑
< na
B0,i
i=0 k=1
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a−1 b−1

4) ∑ ∑

k=0 i=1



Bi,k
B0,(k+i·b̃)mod a

2

<

P = C(S)−1

a
n

Notice that the first column of B is always positive, as
the diagonal of the Gabor frame operator has this property
for frames [15]. This property can be shown by translating
the result for the full matrix to the block matrix and by
properly
manipulating the indices, using the property j =
k
j
j
·
a
+
(
j mod a), refer to [3].
a
B. Excursus: A criteria for Gabor frames
The question, whether a given set of parameters (g, a, b)
generate a Gabor frame, is not directly connected to our main
question of finding an approximate dual window. But Corollary 15 provides an immediate criterion for Gabor frames.
Corollary 16: Sufficient conditions for a Gabor triple
(g, a, b) to generate a Gabor frame are:
ã−1
ã−1

1
1) ∑ g (i − ak) g i − jb̃ − ak < b−1
∑ |g (i − ak)|

The circulant preconditioning matrix

V. D OUBLE P RECONDITIONING O F T HE G ABOR F RAME
O PERATOR
The main result of this work is the double-preconditioning
method. In a rather natural way, we will combine the two single preconditioning methods introduced above. More precisely,
after an approximation with diagonal matrices and inversion
we do an approximation with circulant matrices. The double
preconditioning algorithm can be implemented very efficiently
using the block multiplication algorithm of [14], since, if S is
a Gabor-type matrix, then C(S) and D(S) are also Gabor-type
matrices and hence can also be represented by b × a block
matrices.

−1
P = C D (S)−1 · S
D(S)−1

k=0

k=0

2)

Fig. 3.

for all i = 0, . . . , a − 1 and j = 1, . . . , b − 1.

∑ g j − ib̃ − ak g ( j − ak) <

ã−1
k=0

1
b−1

ã−1

∑ g j + ib̃ − ak

k=0



for all j = 0, . . . , a − 1 and i = 1, . . . , b − 1.
The result above can be easily shown by combining Equation 3 with Corollary 15, cf. [3]. A similar result was stated
in a corollary in [14], which is emended and expanded here.
This result, as a direct and immediate consequence of main
results of this paper, gives sufficient conditions on the window
g and the lattice parameters a, b to constitute a Gabor frame.
Moreover, note that this corollary provides a highly efficient
numerical method to verify the frame condition.

Fig. 4.

For a basic description of the algorithm see figure 5. In
this figure the subscript ‘block’ indicates a calculation on the
block matrix level, which makes this algorithm very efficient.
The expressions diagblock (M), circblock (M), invblock (M) and
block(g, a, b) stand for the calculation of the block matrix
of D(M), C(M), M −1 and Sg,a,b respectively. The matrix
multiplication on block matrix level is signified by •block .
-

C. Circulant Matrices
Instead of considering diagonal matrices we can approximate S by projecting on the algebra of circulant matrices.
This means we are using the mean value of the side-diagonals
to define C(S) as follows:
Definition 17: Let C(S) = (ci, j )i, j with
1 n−1
∑ Sk+( j−i),k .
n k=0
The two classes of matrices we have investigated so far are
connected as follows [3]:
Theorem 18: For a circulant matrix M the matrix M̂ is
diagonal and vice versa.
Due to properties of the Matrix Fourier Transform [3] the
result above means that S 7→ C(S) is again a projection, and it
can be calculated by using

The double preconditioning matrix

-

Parameter:
the window g, the lattice parameters a,b
Initialization:
B = block(g, a, b)
Preconditioning :
• (first preconditioning)
P1 = invblock (diagblock (B))
S1 = P1 •block B

ci, j =

C(S) = Fn · [D (Fn · S · Fn∗ )] · Fn∗
which implies that
C(S)−1 = Fn∗ · [D (Fn · S · Fn∗ )]−1 · Fn
Therefore the computation of C(S)−1 can be done in a very
efficient way by using the FFT-algorithm. Analogue to Section
IV-A this can be used as preconditioning matrix.

•

(second preconditioning)
P2 = invblock (circblock (S1 ))
S2 = P2 •block S1

Fig. 5.

The double preconditioning algorithm

In the following two sections we will look at two special
properties of our algorithm, namely how to do the second
preconditioning step and in which order to multiply the
matrices. We will give reasons, why we have chosen this
particular setting.
A. Choice of method
Roughly speaking, the double preconditioning method consists in two single preconditioning steps. To this end, there

DOUBLE PRECONDITIONING FOR GABOR FRAMES

are two possibilities, namely, to use the original matrix S for
every step or to use the result of the first step in the second
one. More precisely:
−1
(Method 1) C D(S)−1 S
D(S)−1 , or more naively
−1
−1
(Method 2) C(S) D(S)
The first method seems to be more sensible, as each single
preconditioning step uses projections. Even more, it also
enjoys the following property: if S is diagonal, after the first
step we will reach identity and this will stay identity in
the second step (up to the machine precision). Also, if S is
circulant, after the first step we still have a circulant matrix
as the multiplication of an arbitrary matrix A and a diagonal
matrix D is D · A = (di,i · ai, j )i, j . So for the circulant Matrix


C = (c(i − j))i, j we get D−1 (C) ·C i, j = c(0)−1 · c(i − j) i, j .
Hence the second step leads to identity again. Note that the
Gabor-type structure is also preserved with this method.
On the other hand, the second method does not enjoy
aforementioned property in the case of circulant matrices. For
example take n = 6, a = 1,b = 6 and g = (1, 2, 3, 4, 5, 6). Then S
is a circulant matrix, but the double preconditioning deteriorate
the approximation, as C(S)−1 D(S)−1 S − I Wal = 0.994505.
This is a big disadvantage, since, for these simple matrices,
the method should give satisfactory results.
So we always use the first method. In order to simplify the
notation we will use C (S) to denote C(D(S)−1 S).
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operator. Then the approximated dual can be calculated
as

ge(ap) = C (S)−1 D(S)−1 g .

This can be used for example for adaptive Gabor frames
in real time, where the computation of the canonical dual
window needs to be done repeatedly.

VI. N UMERICAL R ESULTS
A. The shapes of the approximated duals
In this first, introductory example we will use the double
preconditioning matrix to get an approximate dual, as mentioned in Section V-C (2), to see
1) that the different single preconditioning steps can capture certain properties of the dual window but fail to do
so for others
2) the double preconditioning lead to a good approximation
of the dual.
This experiment was done with a Gaussian window with
n = 640, a = 20 and b = 20. In this case it is interesting to see
the difference between the diagonal and the circulant ‘dual’
windows. We will use the names diagonal dual, circulant dual
and double dual for the window we get when we apply the
preconditioning matrix to the original window. Note that this
should not imply that these windows are true duals. See Figure
6.

B. Order of preconditioning matrices

Original window

If the preconditioning matrix is diagonal, it makes no
difference if it multiplies S from the left or from the right. This
is because, as S is self-adjoint
(see II-B), D(S)−1 is too,and
∗
∗
−1
therefore, D(S) · S = S · D(S)−1 and D(S)−1 · S − I =
S · D(S)−1 − I. Finally

0.2
0.15
0.1
0.05
0
−0.05
−100

D(S)−1 · S − I = S · D(S)−1 − I

So the norm of the difference to the identity is equal for
1) D(S)−1 S or
2) SD(S)−1
The same property holds for single preconditioning with
circulant matrices.
In the case of double-preconditioning, the influence of
the order in the multiplication has still to be investigated.
Numerical experiments (see VI-B) suggests that also for the
double preconditioning method the order is not of relevant
importance. In this paper, unless specified otherwise, the order
C (S)−1 D(S)−1 S will always be used.
C. Algorithm for an approximate dual
The double preconditioning method has two applications:
1) It can be used to speed up the convergence of an
iterative scheme, here the Neumann algorithm, using S2
in Figure 5 to get the canonical dual (up to a certain,
predetermined error).
2) In order to get a real fast algorithm for the calculation of
an approximate dual we propose the following method:
The double preconditioning matrix itself, P2 in Figure 5,
is used as an approximation of the inverse Gabor frame

−50

0

50

100

Canonical dual

Diagonal dual

0.2

0.2

0.15

0.15

0.1

0.1

0.05

0.05
0

0
−0.05
−100

−50

0

50

100

−0.05
−100

−50

Circulant dual

0.2

0.2

0.15

0.15

0.1

0.1

0.05

0.05

0
−0.05
−100

0

50

100

50

100

Double dual

0

−50

0

50

100

−0.05
−100

−50

0

Fig. 6. Windows: Top: the full original window; Mid left: the true canonical
dual window, Mid right: ‘diagonal dual’, bottom left: ‘circulant dual’, bottom
right: ‘double dual’.

The diagonal dual seems similar to the canonical dual ‘away
from the center’ but not near the center, while the circulant
dual just has the opposite property. Opposed to these ‘single
duals’ the ‘double dual’ seems to combine these properties to
become very similar to the true dual everywhere.
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B. Order
We are now investigating if the order has any influence. In
this case we use a Gaussian window, n = 144, a = 6 and b = 9
and we look at the norms of the difference to identity:
method \ norm
D−1 S
SD−1
C−1 S
SC−1
C −1 D−1 S
D −1C−1 S
C −1 SD−1
D −1 SC−1
SC−1 D −1
SD−1 C −1

Operator
0.1226
0.1226
0.0038
0.0038
0.0006
0.0006
0.0006
0.0006
0.0006
0.0006

Walnut
0.1232
0.1232
0.0045
0.0045
0.0007
0.0007
0.0007
0.0008
0.0007
0.0007

Janssen
0.1234
0.1234
0.0046
0.0046
0.0008
0.0009
0.0009
0.0009
0.0009
0.0008

Frobenius
1.0397
1.0397
0.0324
0.0324
0.0048
0.0048
0.0048
0.0048
0.0048
0.0048

be seen that the conjugate gradient algorithm, a method
with guaranteed convergence [18], performs much worse than
double preconditioning.
Generally our experiments showed that for increasing a the
circulant preconditioning gets worse and for increasing b the
diagonal preconditioning gets worse, as expected theoretically.
Double preconditioning is not affected by these deteriorations.
D. The Janssen representation
To see what happens in the time-frequency plane let us look
at the Janssen coefficients of the involved matrices. See Figure
8, where we have used a Gaussian window with n = 144,
a = 12 and b = 9.
frame operator

We see in this case that the order is irrelevant. Also other
experiments lead the authors to believe, that the order is not
relevant. This has to be investigated further. In this experiment
we also see a nice example of the norm inequality (6).

−6
0.3

−4

0.25

−2

0.2

0
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4

0.05

4

0
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4

0.04

0
2

−2

0.05
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0.1

−4

0.06

−4

2

6

C. Iteration
Instead of using the preconditioning matrix as approximation of the inverse, we can iterate this scheme using the
Neumann algorithm.
Let us look at an example with a Gaussian window,
n = 1440, a = 32 and b = 30. See Figure 7. We look at
the preconditioning steps, the frame algorithm with optimal
relaxation parameter and a conjugate gradient method. The
costly calculation of the frame bound for the frame algorithm
was done beforehand, which has to be taken into account,
when judging this algorithm.

diagonal preconditioning

−6

0.03
0.02
0.01
−4

circulant preconditioning
−6
−4
0.15

0

0.1

2
0.05

4
6

Fig. 8.
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double preconditioning
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Time-frequency spread of differences to identity (Centered graphs)
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frame algorithm (no preconditioning)
diagonal preconditioning algorithm
circulant preconditioning algorithm
double preconditioning algorithm
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10
15
Number of Iterations
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Fig. 7. Convergence with iteration: Relative difference of iteration steps
(Gaussian window, n = 1440, a = 32 and b = 30.)

In this figure we see that the circulant preconditioning step
is only a little bit better than the frame algorithm, iterationwise. As the time sampling is not very small, this could
be expected. Diagonal preconditioning is better, but not a
lot, because the lattice parameters are quite similar to each
other. The double preconditioning brings a big improvement
compared to the single preconditioning methods. It can also

In the top left picture we see the time-frequency spread
of the difference of identity and the original frame operator,
I − S. It is clearly neither diagonal nor circulant, as diagonal
matrices, which are linear combinations of modulations, would
only have non-zero coefficients in the first row, whereas
circulant matrices are non-zero only in the first column. Note
that Figure 8 shows centered graphs, i.e. the first row and the
first column are represented at the center of the graph.
In the top right picture we see I − D−1 S in the Janssen
representation. The first column is zero, as the diagonal part
was canceled out, but some other parts remain. An analogue
property is valid for the circulant preconditioning.
For the double preconditioning method we see that in this
case the Janssen norm would be very small. And we see
that the coefficients around the center, ‘near the diagonal and
circulant case’ were approximated well. The error occurs ‘far
from the center’.
So the Janssen representation gives us some insight on
where in the time-frequency plane the coefficients of the
difference to identity is high. As the Janssen norm just sums up
the absolute value of these coefficients and is an upper bound
for the operator norm, these gives us some insight on where
the error of the approximation happens in the time-frequency
plane.
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E. Higher Dimensional Double Preconditioning
For this 2D example, see Figure 9, we use a separable
window, the tensor product g ⊗ g. We use a Gaussian 1D
window g with n = 576, a = 18, b = 24. Here we don’t get
perfect reconstruction, but the reconstruction with the double
dual is clearly much better than with the other two approximate
duals. This can also be seen in the norm of the difference
Id − P−1 · S Op = 0.1796, 0.0914, 0.0300. for the diagonal,
circulant and double preconditioning case respectively.
For the calculation of the canonical dual with an iterative
scheme 0.441s was needed, the ‘double dual’ needed only
0.060s on a MS Windows workstation with a Pentium III
(937 MHz). For higher dimensional applications the size

Diagonal Norm

Circulant Norm

Double Norm

n

a

b

0
1,11E-16
0,01
0,34
0,44
0,6
0,65
0,94
0,96
4,39

1,81E-10
1,59
0,12
1,74E-06
0,34
0,41
0,56
1,29
0,97
74,52

0
1,11E-16
0,01
1,74E-06
0,29
0,34
0,52
1,36
0,94
74,65

922
194
256
892
144
1000
210
16
770
936

2
97
16
2
6
40
5
4
14
36

2
2
8
4
18
20
35
4
55
24

wsupp
461
97
36
446
12
100
10
8
22
312

TABLE I
C OMPARISON OF THE PRECONDITIONING METHODS FOR H ANNING
WINDOWS WITH DIFFERENT LENGTH AND DIFFERENT LATTICE
PARAMETERS

As illustration some results can be found in Table I. They
are ordered by the diagonal norm. When the diagonal norm is
small, the double preconditioning norm is also small. When
the diagonal norm is somewhere well between 0 and 1, we
see that the double norm is always smaller. Around 1 again
the difference is not very big normally. Above 1, when no
iterative preconditioning algorithm is converging any more,
the difference might be big. This is the case, when parameters
are used, such that the matrix S does not have a lot of structure
and the sparsity can not be exploited anymore.
We have collected statistical data and randomized the parameters a 1000 times. The distribution of the cases can be
found in Figure 10.

Fig. 9. 2D Reconstruction: Top left: the original image, top right: reconstruction with ‘diagonal dual’, bottom left: with ‘circulant dual’, bottom right:
with ‘double dual’.
Fig. 10.

of the data is in general much bigger, so that numerically
efficient methods, like the one presented here, become even
more important.
F. Tests with Hanning window
For this experiment a zero-padded Hanning window was
used as window. The length n of the signal space was chosen
randomly between 1 and 1000. Out of all divisors of n the
length of the Hanning window wsupp was chosen, as well
as a and b. Because we are interested in Gabor frames,
we have restricted our parameters to a ≤ wsupp and a · b ≤
n. From now on, let us use the terms Diagonal Norm for
D−1 S − Id , Circulant Norm for C−1 S − Id , calling both
Single Norms, and Double Norm for D−1C−1 S − Id . The
choice of the particular norm we use depends on the context,
here in this experiment the operator norm has been used, as
this experiment was intended as short and introductory, so no
attention has been given to numerical efficiency.

Experiment with Hanning window: Distribution of cases.

The double preconditioning method is in 67.5% of the cases
preferable to the single preconditioning methods, measured
by the norm of the distance to identity of the preconditioned
matrix, I − P−1 S . The remaining 32.50% are distributed as
follows: The matrix is either already diagonal (16.5%) or the
‘diagonal norm’ is smaller (3.7%). In 0.5% the matrix was
circulant and in 5.9% the ‘circulant norm’ was smaller. The
cases remain, where the parameters do not constitute a frame
(2.1%) or where all norms are larger than 1 (3.7%). As will
be seen in VI-G this property does depend on the shape of the
window, but even more on the lattice parameters a and b, most
notably how small b is, as well as the chosen settings of the
experiment. If the above mentioned quality criteria are used
to measure significant difference, in this experiment only in
0.1% of the cases one of the single preconditioning methods
was ‘essentially’ preferable, i.e. there was more than 10%
difference. In these experiments we could also observe that if
the norms of the both single preconditioning cases are around
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1, the norm of the error of the double preconditioning method
is also around 1.
G. Systematic experiments
In order to verify that the double preconditioning method
is not only highly efficient for very special cases (such as the
Gaussian), but for most windows typically used in Gabor analysis we have carried out systematic investigations. We have
used several different windows (Gauss, Hanning, Hamming,
Kaiser-Bessel, Blackman Harris, Rectangle and even noise),
with various zero-padding factors and have used random signal
length up to 1000 samples and also random lattice parameters
a, b with a · b|n and the support of the window wsupp ≥ a.
Here we have tried to minimize the cases, where the matrix
is diagonal because of the lattice parameters (if wsupp ≤ n/b).
In this case it would still be possible to use the double preconditioning, we would only lose precision due to calculation
and round-off errors, and the calculation is a bit slower as
the double preconditioning is more complex. The conditions
on the lattice parameters and the support of the window
mean, of course, that we get a certain bias into our statistical
investigation. For us this, nevertheless, seemed to be the most
interesting situation.
The complexity of the algorithm and these tests have been
further decreased by staying completely at the block matrix
level, doing all calculation with the efficient block algorithms
and using the Walnut norm.
We have summarized the results in Table II. For each
window the experiments have been repeated 20000 times, so
overall in the following table 120′ 000 random parameters are
used.
In the rows we see the following percentages
1) the Gabor system was no frame.
2) none of the preconditioning iteration schemes would
converge, i.e. none of the norms was smaller than 1.
3) the diagonal norm was smaller than the double norm,
wherein
3’) the frame matrix was already diagonal (and so both
methods were essentially equal).
4) the circulant norm was smaller than the double norm,
wherein
4’) the frame matrix was already circulant (and so both
methods were essentially equal).
5) the double norm was larger than 1, the best single norm
was smaller than 0.9.
6) the double norm was essentially larger (factor :10) than
the best of the single norms.
7) the double norm was essentially smaller (factor :10) than
the best of the single norms.
8) The double preconditioning method is better or essentially equal if the system is a frame. We sum up the
cases, where the double preconditioning norm is smaller
and the matrices are already diagonal or circulant (because then the difference is only due to calculation
errors).
9) The double preconditioning method is better or essentially equal if any of the iterative scheme works.

1)
2)
3)
3’)
4)
4’)
5)
6)
7)
8)
9)

Han
0.00 %
36.42 %
28.53 %
28.50 %
13.52 %
0.00 %
0.12 %
0.00 %
0.00 %
49.83 %
78.37 %

Ham
0.00 %
37.36 %
28.53 %
28.53%
12.30%
0.49%
0.50%
0.00 %
0.11%
50.83%
81.15%

Bla
0.39 %
29.80 %
29.80 %
29.39 %
9.58 %
9.19 %
1.02 %
0.00 %
0.04 %
60.45 %
86.25 %

Kai
0.00 %
34.05 %
28.62 %
28.46 %
16.46 %
0.74 %
0.00 %
0.00 %
0.08 %
50.07 %
75.92 %

Gau
3.66 %
22.42 %
30.17 %
30.17 %
2.41 %
0.11 %
0.02 %
0.14 %
7.77 %
74.34 %
96.89 %

Noi
0.00 %
56.00 %
27.87 %
27.80 %
1.73 %
0.00 %
00.12 %
0.00 %
0.00 %
49.83 %
78.37 %

TABLE II
S YSTEMATIC T ESTS : (H AN ) NING , (H AM ) MING , (B LA ) CKMAN -H ARRIS ,
(K AI ) SER -B ESSEL (β = 6), (G AU ) SS AND (N OI ) SE

Nearly in all cases these windows form a frame. A prominent exception is the Gaussian window, which is due to the
used zero-padding. About the same percentage for all windows
did not allow any of the preconditioning iterative algorithm
to converge, an exception being the Blackman-Harris with
a somewhat low percentage, the Gaussian with a very low
percentage and the noise window with a very high percentage. This leads us to the statement that the preconditioning
algorithm works better for ‘nice’ windows.
For the windows tested it appears that the percentage of
diagonal matrices is comparable, even in the case of a noise
window. This is partly due to the particular properties of
the chosen experiment. The percentages for circulant matrices
respectively for convergence of the circulant preconditioning
method seem to be quite different for different windows.
There are very few cases, where a single preconditioning
algorithm would converge, but the double preconditioning
would not. A detailed investigation shows that this happens
only in cases, where also the ‘single norms’, i.e. the norm
of the deviation from identity (see Section VI-F) are high,
near to one. For the cases when all relevant norms are smaller
than one, we see that for the Gaussian window we have
only a very small chance that the best single preconditioning
method is essentially better than the double preconditioning
method, but a rather high probability for the opposite. For
all other windows the chance for an essential improvement
using the double preconditioning method is not very big, but
there is no chance for a deterioration. Note that here the
double preconditioning method still has an advantage, as it
can be more easily used as ‘default’ method than the single
preconditioning methods as seen in 9) in Table II.
Overall we see that with all windows the double preconditioning algorithm works in about half of the cases, if we
have a frame. And it works in about 80 percent of the cases,
when any of the preconditioning would work, with the notable
exception of the Gaussian window, where it works nearly
always. The Hanning and Hamming window are quite similar
but contrary to common belief, they are not very similar to the
Gaussian window. We see that the behavior for the double and
single preconditioning method depends heavily on the chosen
window and so the connection of analytical properties of the
windows with the efficiency of the preconditioning methods
should be investigated. One can expect some connection as
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can be seen from the behavior of the Gaussian on one side
and noise on the other side.
VII. C ONCLUSION AND PERSPECTIVES
We have presented a new method for finding an approximate
inverse for a typical Gabor frame operator respectively very
good approximate dual windows at very low computational
costs. We have introduced a fast algorithm using existing
block matrix methods. The method was constructed so that,
diagonal and circulant matrices are approximated perfectly (up
to precision). We have shown that this method is very often
preferable to other iterative schemes. For ‘nice’ windows and
lattice parameters the first approximation, the preconditioning
matrix, is already a good approximation of the inverse frame
matrix.
We have shown a close connection of the non-zero block
matrix and the Janssen matrix and have introduced corresponding norms. We have shown the connection between the norms
and why they can be useful in different situations.
For the single preconditioning case we have found sufficient conditions for the window, when this algorithm would
converge and therefore the Gabor system would form a frame.
We have also found conditions on the non-zero block matrix
for convergence of the Jacobi algorithm. The condition for the
window is not very intuitive, but as the block matrix can be
established quickly this check can be done conveniently.
An important motivation for this paper are investigations,
which can not be described in detail within the given length
of the paper, or are still speculative. These issues will have
to be investigated more in the future. For example it would
be desirable to have some simple sufficient conditions which
guarantee that the Jacobi algorithm is convergent. Section
VI-G gives reasons to believe that an investigation of the
analytic properties of a window and the connection to its
‘preconditioning behavior’ is fruitful. Furthermore the idea
can be extended by using preconditioning matrices using other
commutative subgroups of the time-frequency plane than the
translations and modulations.
We believe that these algorithms can be very useful in
situations, where the calculation of the inverse frame operator
or of the dual window is very expensive or cannot be done
at all. For example in the situation of quilted Gabor frames
[28] or the Time-Frequency Jigsaw Puzzle [5], globally we
might have a frame, but certainly not a Gabor frame. So we
can not find a dual Gabor window globally, but the dual frame
can be approximated by the dual windows of the local Gabor
frame. In these cases it might be preferable to use a good and
fast approximation of the local Gabor dual windows instead
of using a precise calculation of the local canonical dual, as
precision will be lost at the approximation of the global dual
frame.
It is also highly believed by the authors, that these algorithm
will have an even bigger importance for higher dimensional
data. Similar algorithms will be applicable in the cases of
multi-dimensional non-separable Gabor systems, where there
exists only a few efficient algorithms. This will allow a lot of
applications of these or similar algorithms.
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A PPENDIX
A. Proof of the norm equivalences
For a better overview we will split the results in several
lemmas and propositions.
Lemma 19:
kSkWal ≤ kSkJan

kSkOp ≤ kSkJan

√
n kSkJan

kSk f ro ≤

Proof: We know from (5) that we can represent the frame
operator as sum of the time and frequency shifts and so for
every norm
Sg,γ =

≤

b−1 a−1

n
a·b

∑ ∑ cl,k Mlã Tkb̃

l=0 k=0

≤

b−1 a−1
n b−1 a−1
cl,k kMl ã Tkb̃ k = ∑ ∑ Jl,k kMl ã Tkb̃ k
∑
∑
a · b l=0 k=0
l=0 k=0

Since kMl ã Tkb̃ kOp = 1, kMl ã Tkb̃ kWal = 1, and kMl ã Tkb̃ k f ro =
√
n the proof is complete.
Lemma 20:
kSkOp ≤ kSkWal

Proof:

kSkOp = max {kSxk2 }
x:kxk2 =1

Let b p in

Cn

with (b p ) j = B p, j mod a . We know from (4) that
b−1

∑ T−pb̃ x · b p

kSxk2 =

p=0

T−pb̃ x · b p

≤

∑

p=0

b−1

=

≤

b−1

b−1

≤

2

∑ kxk2 ·

p=0

∑

T−pb̃ x

p=0

2

· kb p k∞ =

o
n
B p, j mod a =
j=0,...,a−1

b−1

= kxk2 ·

2

max

o
n
B p, j mod a
{z
}

max
∑ j=0,...,a−1

p=0

|

kSkWal

Theorem 21: Let Bg,γ,a,b be the b × a associated nonzero block matrix for g, γ, a, b, and Jg,γ,a,b the corresponding
Janssen-matrix. Then
√
Fa · Btg,γ,a,b = a · Jg,γ,a,b and kBk f ro = a kJk f ro .
Therefore for the corresponding frame matrix S
√
kSk f ro = n kJk f ro
Proof:
Jk,l =

1
n
hγ, Mkã Tl b̃ gi = b̃ (Vg γ) (l b̃, kã) =
ab
a
1
= b̃(γ\
· Tl b̃ g) (kã)
a
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(i)

Let us look at the i-th row of B b(i) ∈ Ca with b j = Bi, j .
!
ã−1 \
(3)
Poisson
ˆ
(l)
= b̃ · (T\
b k = b̃ ∑ Tap (Tl b̃ g · γ)
l b̃ g · γ)kã
p=0

k

Note that we start with a Fourier transform in Ca but end up
in Cn in this equation.
ˆ
=⇒ a · Jk,l = b(l)
k
v
v
u
ub−1 a−1
ub−1
u
2
kBk f ro = t ∑ ∑ Bi, j = t ∑ b(i)
i=0 j=0

v
ub−1
u
1 c
= t∑
b(i)
a
i=0

2

2

=

2

=

√
a · kJk f ro

As S consists of an rotated versions of the n × a block-matrix
and this larger block-matrix has the same Frobenius norm as
the non-zero block matrix, clearly
r
n
kSk f ro =
(7)
· kBk f ro
a
and therefore

√
√
n √
kSk f ro = √ · a · kJk f ro = n · kJk f ro
a

Lemma 22:
kJk f ro ≤ kJk1,1 ≤

√
a · b kJk f ro

Proof: This is just an analogue property to the norm
equivalence for k.k2 and k.k1 in Cn :
√
kxk2 ≤ kxk1 ≤ n kxk2 .
Proposition 23:
r
√
n
kSkJan ≤ kSk f ro ≤ n · kSkJan
a·b
Proof: We know the second part from Lemma 19.
r
√
a·b
Lemma 21
kSk f ro
kSkJan = kJk1,1 ≤ a · b kJk f ro
=
n
n
≥ 1, and so
If the Gabor system constitutes a frame, red = a·b
kSkJan ≤ kSk f ro . Therefore the Walnut norm approximate the
operator norm better.
Lemma 24:
√
1
√ kBk f ro ≤ kBk∞,1 ≤ b kBk f ro
a
Proof:
b−1

kBk∞,1 =

max
∑ j=0,...,a−1

i=0

Clearly
max

j=0,...,a−1



Bi, j



Bi, j

= (∗)

v
ua−1
u
≤ t ∑ Bi, j
j=0

2

v
u
(∗) ≤ ∑ t ∑ Bi, j
b−1 ua−1
i=0

On the other hand
v
ua−1
u
t ∑ Bi, j 2 ≤ √a ·
v
ub−1 a−1
u
t
∑ ∑ Bi, j
i=0 j=0

≤

b−1 √

∑

i=0

2

j=0

j=0

i=0

v
ub−1 a−1
u
1
= t ∑ · ∑ a2 Ji, j
i=0 a j=0

and

a·

v
u
√ ub−1 a−1
≤ bt ∑ ∑ Bi, j
i=0 j=0

max

j=0,...,a−1



j=0,...,a−1

b−1 ua−1
i=0



=⇒

Bi, j

v
u
2
≤ ∑ t ∑ Bi, j

max

2

2

j=0

Bi, j

=

≤

√
a · (∗)

With Theorem 21 we get immediately
Proposition 25:
√
√
n
kSkWal ≤ kSk f ro ≤ n kSkWal .
a·b
Combining Lemma 19, 23, 24 and Theorem 21 we get
Proposition 26:
1
√
kSkJan ≤ kSkWal ≤ kSkJan
a·b
So in combination we get (6):
Theorem 27:
kSkOp ≤ kSkWal ≤ kSkJan ≤ kSk f ro
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